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Abstract. The "quantum duality principle" states that the quantization of a Lie bialgebra 
— via a quantum universal enveloping algebra (QUEA) — provides also a quantization of the 
dual Lie bialgebra (through its associated formal Poisson group) — via a quantum formal 
series Hopf algebra (QFSHA) — and, conversely, a QFSHA associated to a Lie bialgebra 
(via its associated formal Poisson group) yields a QUEA for the dual Lie bialgebra as well. 
Such a result was claimed true by Drinfeld (and proved by the author), and does hold in 
the framework of topological Hopf algebras, hence it is essentially "local" in nature. We give 
here a global formulation of this principle, dealing with standard Hopf algebras and with 
usual (i.e. non-formal) Poisson groups. The relevant examples of the special linear group, the 
Euclidean group and the Heisenberg group are studied in detail. 



"Dualitas dualitatum 
et omnia dualitas" 

N. Barbecue, "Scholia" 

Introduction 

The quantum duality principle is known in literature with at least two formulations. 
One claims that quantum function algebras associated to dual Poisson groups can be taken 
to be dual — in the sense of duality of Hopf algebras — of each other; and similarly for 
quantum enveloping algebras (cf. [FRT] and [Se]). The second one, due to Drinfeld, states 
that any quantization of .F [[(?]] "works" also — in a suitable sense — as a quantization of 
U(q*), and, conversely, any quantization of U(g) can be also "seen" as a quantization of 
F[[G*]]: this is the point of view we are going to assume. 

Our goal in this paper is twofold. First, in Section 2 we provide a global version of the 
quantum duality principle — dealing with quantizations built up over a ring of Laurent 
polynomials — which give information on the global data of our Poisson groups. This 
global formulation turns out to be especially useful in applications, for instance it allows 
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one to formulate a nice "quantum duality principle for Poisson homogeneous spaces", 
cf. [CG]. Second, we illustrate this formulation of the principle by investigating in full 
detail three relevant examples: the semisimple groups (in Section 3), the Euclidean group 
(in Section 4), and the Heisenberg group (in Section 5). 

Acknowledgements 

The author whishes to thank E. Strickland for several useful conversations; he is also 
indebted with N. Ciccoli and B. Di Blasio for many helpful discussions. 

§ 1 Notation and terminology 

1.1 The classical setting. Let k be a fixed field of characteristic zero. Let G be 
a connected algebraic group over k (or a Lie group, in the real or the p-adic case), and 
let g be its tangent Lie algebra. Denote by U(g) the universal enveloping algebra of g, 
and by F[G] the algebra of regular functions on G; moreover, let i* 1 [[(?]] be the (algebra 
of regular functions on the) formal group associated to G (or to g): this algebra can be 
seen either as the completion of F[G] at the maximal ideal corresponding to the identity 
of G, or as U(g)*, the dual vector space of U(g). Both U(g) and F[G] are Hopf algebras, 
whereas i 7 " [[(?]] is a topological Hopf algebra, for it has a coproduct which takes values in 
the topological tensor product (a suitable completion of the algebraic tensor product) of 
F[[G]] with itself. Finally, there exist natural pairings of Hopf algebras (see §1.5 below) 
between U(g) and F[G] and between U(g) and -F[[G]]. 

Now assume G is a Poisson group: then g is a Lie bialgebra, U(g) is a co-Poisson Hopf 
algebra, F[G] is a Poisson Hopf algebra, is a topological Poisson Hopf algebra, 

and the Hopf pairings above are compatible with these additional co-Poisson and Poisson 
structures. Furthermore, the linear dual g* of g is a Lie bialgebra as well; then we can 
consider further objects G*, U(g*), F[G*] and ^[[G*]] as above. 

1.2 The h— setting. Let V be a /c-vector space; then the space V[[h]] of formal power 
series in h with coefficients in V has a natural structure of a topological k [[h]] -module. 
We call a topological k[[h]] -module topologically free if it is isomorphic to V[[h]] for some 
V. We denote by A the category of topologically free fc[[/i]]-modules, where morphisms 
are continuous k[[h]] -linear maps. 

For any X in A, we define the dual of X to be X* := Hom^X, k[[h]]) , which again 
belongs to A. Furthermore, we set Xq := X jhX = k ®k[[h\] X : this is a /c-module (via 
scalar extension k[[h]] — > k ), which we call the specialization of X at h = ; we shall also 
use such notation as X — h ^° > y to mean that X = Y , and F X := k((h)) <S>k[[h]] X . 
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A tensor structure in A is defined as follows: for X, Y in A, define X®Y to be 
the projective limit of the /c[[/i]]//i n -modules [X /h n X) ®k[[h]]/{h n ) (Y /h n Y) as n — > oo . 
Notice then that X®Y is the /i-adic completion of the algebraic tensor product X®k[[h]]Y . 

Given X in A, when saying that X is a coalgebra, resp. a bialgebra, resp. a i/op/ alge- 
bra, we mean that X has such a structure with respect to the tensor structure in A: in 
particular, X has a comultiplication which takes values in X®X . 

Definition 1.3. ("Local quantum groups" [or "algebras"]: cf. [Br], § 7, [CP], § 6) 

(a) We call quantized universal enveloping algebra (in short, QUE A) any Hopf algebra 
H (over k[[h]]) in A such that Hq := H/hH is isomorphic — as a Hopf algebra over k 
— to the universal enveloping algebra of a Lie algebra. 

(b) We call quantized formal series Hopf algebra (in short, QFSHA) any Hopf algebra 
K (over k[[h}]) in A such that Kg := K jhK is isomorphic — as a topological Hopf algebra 
over k — to a Hopf algebra of formal series k\\_{ui \ % G J}]] (for some set J ). 

1.4 Remark. If if is a QUEA, then its specialization at h = , that is Hq , is a 
co-Poisson Hopf algebra; in particular, this means that, if g is the Lie algebra such that 
Ho = U(q) , then g is actually a Lie bialgebra; in this situation we shall write H = Uh(d) ■ 
Similarly, if is a QFSHA, then its specialization at h = is a topological Poisson Hopf 
algebra; in particular, this means that Kq is (the algebra of regular functions on) a formal 
Poisson group in this situation we shall write K = Fh[[G]] (cf. [Dr], § 7, or [CP], 

§ 6, for details). By the way, we'd rather prefer such a terminology as "Quantum Formal 
Groups" instead of " Quantum Formal Series Hopf Algebras" , but we stick to the latter in 
order to be consistent with Drinfeld use (which is nowadays standard). 

Definition 1.5. Let H, K be Hopf algebras (in any category) over a ring R. A pairing 

( , ) : H x K > R is called perfect if it is non- degenerate; it is called a Hopf pairing if 

(x,y!-y 2 ) = (A(x),y 1 ®y 2 ) , (x± ■ x 2 , y) = {x x ® x 2 , A(y)) , (x, 1) = e(x) , (l,y) = e(y), 
(S(x),y) = (x,S(y)) , for all x,xx,x 2 e H and y,yi,y 2 G K. 

1.6 Drinfeld's functors. Let H he a Hopf algebra in A. For every n E N, define 
A n. H — > H ®n by A o . = £ ( the counit ) 5 a 1 := id H , and A n := (A <g> id® [n ~ 2) ) o A n " x 

if n > 2. Then set 5 n = (id H - e)® n o A n for all n G N. Finally, define 

H' := {a G H\5 n (a) G h n H® n ) (C H) 

and endow H' with the induced topology. 

Now let I := Ker(H -^k[[h]] — »• k[[h]] / hk[[h] = k) = Ker(H — ► H/hH^k) , 
a Hopf ideal of H, and consider the subalgebra H x := J2n>oh~ n I n = J2n>o (^ _1 -^) n 
inside k((h)) ®k[[h\] H - then define 

H v := /i-adic completion of H x . 
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Theorem 1.7. ("The quantum duality principle"; cf. [Br], §7, and [Ga4], §2) 

(a) If H is a QUEA, resp. a QFSHA, then H' , resp. H v , is a QFSHA, resp. a QUE A. 

(b) The functors H i — ► H' and H i — > H y are inverse of each other. 

(c) ("Quantum Duality Principle") Letting g, G, g* and G* be as in § 1.1, we have 

(U h ( d y) Q = F[[G*}}, (F h [[G]} v ) = U( d *) 
(notation of §1.4), that is to say U h (g)' = F h [[G*]] , F h [[G]] v = U h (g*) . D 

1.8 The q— setting. Let q be a formal variable, and consider a Hopf algebra H over 
k(q): a subset H of H is called a /c[<?, g -1 ] -integer form (or simply a k [q, q -1 ] -form) of 
H if the following holds: 

(a) H is a Hopf subalgebra of H over k[q, g -1 ] ; (b) k(q) <8>fc[ 9 ,q-i] H = H . 

For any k [q, -module M, we set Mi := M / (q — 1)M = k O^g- 1 ] M: this is a 
/c-module (via scalar extension k[q, g -1 ] — > k), which we call the specialization of M at 
g = 1 ; we use also notation M > N to mean that Mi = A" . 

Given two /c(<j»)-modules A and £? and a /c((/)-bilinear pairing AxB — > k(q) , for any 
k[q, g -1 ] -sub module A, C A or £?. C £? we set 

V := {be B \ (A.,b) C fcjg, g -1 ] | , B. f := {a£ A | (a,B.) C fc^,?" 1 ] } 
A. U :={beB\ (A., b) C (g-l)/c [g, g" 1 ] }, B. ±9 := { a G A | (a, B.) C (g-l)%, g" 1 ] }. 

Definition 1.9. ("Global quantum groups" [or "algebras"]) 

(a) We call (global) quantized universal enveloping algebra (in short, (G)QUEA) any 
pair (U q ,U q ) such that U q is a Hopf algebra over k(q), U q is a k[q, g _1 ] -integer form of 
U q , and U\ := is (isomorphic to) the universal enveloping algebra of a Lie algebra. 

(b) We call quantized function algebra (in short, QFA) any pair (F q , F q ) such that F q 
is a Hopf algebra over k(q), F q is a k[q, q^^-integer form of F q , and F\ := (Fq) is 
(isomorphic to) the algebra of regular functions of an algebraic group. 

Remark 1.10: as in §1.4, if (U q , U q ) is a QUEA, then U\ is a co-Poisson Hopf algebra, 
so Ui = U(g) where g is a Lie bialgebra (the isomorphism then being one of co-Poisson 
Hopf algebras); in this situation we shall write U q = U q (g) , U q = U q (g) . Similarly, if 
(F q , Fq) is a QFA then F\ is a Poisson Hopf algebra, thus F\ = F[G] where G is a 
Poisson algebraic group (the isomorphism then being one of Poisson Hopf algebras): in 
this situation we shall write F q = F q [G] , F q = F q [G] . 

1.11 Drinfeld's-like functors. Let (U q ,U q ) be a (G)QUEA (over k(q)), as in Defi- 
nition 1.9. Consider linear maps 8 n , n G N, as in §1.6, and define 



:={aeU q | 5 n (a) G (q - l) n U® n } (C^). 
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Now let (F q ,F q ) be a QFA (over k(q)), as in Definition 1.9. Let I be the kernel 

of the map F q »k\q,q~ J »k, where e is the counit of F q and ev\ is the k- 

algebra morphism given by evi(q) := 1 ; again, this is the same as the kernel of the map 

F q » Fi » k (where e is the counit of Fx), for the two maps coincide. Thus / is 

a maximal ideal of F q . Then define 

F q := - I)""!" = - i)" 17 )" ( - -^9 ) • 

n>0 n>0 

1.12 Dual spaces. Let (U q , U q ) be a (G)QUEA: we define its linear dual to be the 
pair (U q * , i7 *) , whose entries are the (full) linear dual spaces U q * := Hom k ^ (U q , k(q)) 

and U q * := Hom k ^ q ^ q -i}(u q ,k\q,q~ 11 \ j . Both these spaces have natural structures of 
(topological) Hopf algebra (respectively over k(q) and over k [q, g -1 ] ), such that the natural 
pairings ( , ) : U q * x U q — > k(q) , ( , ) : U q * x U q — > k[q 7 g -1 ] (given by evaluation) 
are perfect Hopf pairings. 

For later use, we introduce also the Hopf algebra \U q ) . Let I* be the kernel of the 
map U q * »k[q, q -1 ] ^ k (a maximal ideal of U q *): then set 

n>0 n>0 



§ 2 The global quantum duality principle 

The present section is devoted to prove our main theoretical result, namely 

Theorem 2.1. ("The global quantum duality principle") 

(a) If (Uq,U q ) is a (G)QUEA, then {U q ,U q ) is a QFA; if (F qt F q ) is a QFA, then 
{Fq,F q ) is a (G)QUEA. 

(b) The functors (U q ,U q ) i— > (U q ,U q ), (F q , F q ) i— > (F q ,F q ), are inverse of each other. 

(c) ("Global Quantum Duality Principle") If q, G, q* and G* are as in § 1.1, then 

UM:=UM/(q-l)U q b) = F[G*] , F^G] := F q [G]/(q - 1) F q [G] = U(g*) 

where the choice of the group G* (among all the connected algebraic Poisson groups with 
tangent Lie bialgebra q* ) depends on the choice of the ( G)QUEA (U q , U q ) . In other words, 
(U q {Q},Uq(g)) is a QFA for the Poisson group G* , and (F q [G], F q [G]) is a (G)QFA for 
the Lie bialgebra g*. □ 

2.2 Localizing global quantum algebras. The present section is devoted to prove 
Theorem 2.1. Such a proof could be given by mimicking that of Theorem 1.7: one just has 
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to follow the pattern of proof provided in [Ga4], §2 (in fact, this will also add several further 
details to the statement we gave). Nevertheless, here we yield a proof which directly refers 
to the "local" quantum duality principle: namely, we get out of the "global" quantum 
algebras which are concerned, some "local" quantum algebras (as in §1) to which Theorem 
1.7 can be applied, and then we formulate the result into "global terms". 

Set, once and for all, h := q — 1 ; then q = 1 + h , and 1 there exists q~ x = (1 + h)~ l = 
EZo (~l) n h n e k[[h]] , so k^q- 1 } C k[[h}} . Define 

Uh(d) ■= /i-adic completion of k[[h}} ^[g.q- 1 ] U q (g) ; 

then U h (g) I hU h {g) = U q (g) /(<? - 1) U q (g) = U(g), so U h (g) is a QUEA — in the sense 
of Definition 1.3(a) — whence the QFSHA Uh(o) is also defined, and definitions imply 

U q (Q)=U q (g)nU h (Q)'. (2.1) 

We proceed similarly with QFA's. Let [F q [G],F q [G]) be a QFA, let I be the maximal 
ideal of F q [G] defined in §1.11: let be the J-adic completion of F q [G], and define 

[[(?]] := /i-adic completion of k[[h]] ^k^^- 1 ] F q [[G]] ; 

then F h [[G]]/hF h [[G]} = F q [[G\) j \q - l)F q [[G\] =: Fi[[G}} , and the latter equals the 

7i-adic completion of F\ = F[G] , that is just ; so is a QFSHA, hence the 

QUEA F h [[G]Y is defined too. By the very definitions, we have 

F q [G]=F q [G]nF h [[G]]\ (2.2) 

Now let (U q (o), U q (o)) be a (G)QUEA, such that U q (g) specializes to U(g>) at q = 1 ; 
then it follows that U q (g) specializes to U(g) = F[[G]] . Then define 

Mh{d) '■= /i-adic completion of k[[h]] <8> U q (g) . 

It follows that Z4(£j)* / 'hU h (Q)* = U q (g)* / (q - 1) U q (g)* = U(g)* = F[[G]] , hence 
Uh{g) m is a QFSHA, with as semiclassical limit. 



1 Usually, the link between h and q is set to be q = exp(h) , hence h = \og(q — 1) ; but such a choice is 
equivalent to ours! In fact, both q := 1 + h and q := exp(h) are invertible in fc[[h]], hence left multiplication 
by either of them yields a fc[[/i]]-module endomorphism of fc[[/i]], which induces an endomorphism of any 
k[[h]] -module: denoting these by /ig and [i^ respectively, fiq o is an isomorphism from the induced 

k[q, q _1 ]-module structure to the induced fc[<7,<? _1 ] -module structure of any k[[h]\ -module. In addition, 
this isomorphism clearly commutes with specialization at h = 0, hence yields also an isomorphism of the 
specialized modules, respectively at q = 1 and at q = 1. 
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Proposition 2.3. The natural H op f pairing ( , ) : U q * x U q > k(q) induces a perfect 

Hopf pairing ( , ) : x U q > k [q, g -1 ] , whose specialization at q = 1 is still 

~ ,v\t . ^ .v ~ t 

perfect. More precisely, we have U q = [{U *) J and = C/ g • 

Proof. By definition, any <p G \U*) can be uniquely written as a (finite) sum </? = 
En=o - !)" n Vn for some N eN with p n G (/*)" for all n = 0, 1, . . . , N . 

Now, the pairing ( , ) : U q * x U q > k(q) clearly restricts to a similar pairing 

( , ) : (U *) x U q > k(q) : we begin by proving that this takes values in /c[o,Q _1 ] , 

that is ((U q *f \u q ^ C /c[q,q _1 ] , which means that U q C ((U q *) W J and (f/ g *) V C . 

First, take ci, . . . , c n G /* ; then (q, f ) = e(cj) , so (q, 1) G (5 — 1) • k [q, o _1 ] , because 
Ci G I* := Ker ( U* » /c |_o, o J » I ( z = 1, . . . , n ). Given y E U q , consider 



n 



Vi=l / \ *C{l,...,n} / *C{l,...,n} 

here we use the following formulae relating the A n, s and the 6 m : s in any Hopf algebra H : 

where for any ordered subset E = {ii, . . . , ik} Q {1, . . . , n} with z'i < ■ • ■ < if. , we define 
the morphism j s : H m — >■ H® n by j s (ai <g) • • • <S> ajfc) := 61 <E> • • • <E> & n with 6j := 1 if 
z ^ E and &i m := a m for 1 < m < k , and we set A^ := j s o A k , 5s := j s o 5k . 

Now look at the generic summand in the last term in the formula above. Let = t 
(t < n): then (<g)f =1 Cj, S^(y)) = (® i6 *Q, S t {y))-Ylj^(cj, 1) , by definition of 5^ . Thanks 
to the previous analysis, we have Yija^>( c jj 1) e (Q ~ 1)™ <? _1 ] (perhaps zero!), and 

<®i 6 *Q,5 t (z/)) G (g- because y E U q ; thus ( <g> ieip q, Ot(z/)> • Hj^{cj, 1) G 

(g — l) n k [q, o _1 ] , whence ( nlLi c ^ y) ^ (l ~ l) n & [9, • We conclude that 

^,y}e(q-l) n k[q,q- 1 } V V € (/*)", y G £/, . (2.3) 

Now take cp = J2n=o (Q ~ l) _T Vn £ (U q *) and x E U q . Since v'n £ (^) for all n, 
we have (thanks to (2.3)) 

JV JV 

(V 7 ^) = E ( ? ~ 1 )~ n ( l Pn,x} £ J(g- l)~ n (? - l) n /c[Q,Q _1 ] = , q-e.d. 

n=0 n=0 

^ V ~ 

Thus the restriction of the pairing ( , ): U q x U q > k(q) to \U*) x U q does take 

values in k [q, q~ x ] , as expected; therefore t/ g C ((U q *) j and C U q . 



8 



FABIO GAVARINI 



Second, we prove that ((f/ g *) V ) 

C U q ; to this end, we revert the previous argument. 

Let Ve ((tVf/: then ((g - l)" a (/*) S , v) G k [q, g" 1 ] hence ( (/*) * G (g - l) f 
k[q, g _1 ] , for all s. For s = this gives (U q *, ip) E k[q,q _1 ] , whence ip E U q . 
Now let n E N and zi, . . . , i n G J* ; then 



< 



®jf =1 i fc ,^)> = (®jf =1 i fc , e (-ir _l *'-A*^)) = 

\ *C{l,...,n} / 



= e (-ir w -(n^^)-n^) e e {(r q f l ^)-( q -i) n - m k[q, q -i]c 

*C{l,...,n} Ue* / fc^* *C{l,...,nK 

C^( 9 -lf'(?- I)"" 5 k [q, q- 1 } =(q~ if k [q, g" 1 ] 
s=0 

therefore ( (/*) , 5 n (V0 ) Q (q — l) n & [q, g -1 ] . In addition, U* splits as U* = k ■ 1^ . © 

Ker[ev\ o e^*J = • 1^ * © 7* , so \U q ) splits into the direct sum of (I*J plus other 
direct summands which are tensor products on their own in which at least one tensor factor 
is k-ly * . Since J% := Ker(e^ q ) = {y E U q \ (lp * , y) = } = (A; • * } (the orthogonal 



space of (k-lz q * ) ), we have ^ (^*) J^) = ^ (7^) j^j for any j G Jp g ® n . Now observe 
that S n (ip) E J-Q q , by the very definition of 5 n ; this and the previous analysis together 
give ((fV)®", <UV0) C (g- lffc^,?- 1 ] , whence we get 5 n (V0 G (g - l) n Uf n , q.e.d. 



Third, we prove that U q = \U*) . We already know that U q D \U q ) ; so assume 
there exists <fi E U q \(U q ) : then we have U q C ^(f7 g *) ffi/c[g,g -1 ] • 0^ , which yields a 
contradiction with {7 g = ((U q *) j because (C/^*) ^ (^V) © & [g, g _1 ] •</> implies instead 

((^g*) V ) f 3 ((^g*) V © • ( / ) ) t - Th us we conclude that = (t/ g *) V , q.e.d. 

Fourth, as the pairing ( , ): (U *) x L/q > k[q, g _1 ] of course is still a liopf 

pairing, we are only have to prove that it is perfect as well. This pairing induces a natural 
morphism of Hopf algebras (U q *) — - — > (U q ) := H om{lJ ' q , k[q, g _1 ] j , /•—>■(/,—)• 
The non-degeneracy of the pairing corresponds, by definition, to the triviality of both the 
right and left kernel of the pairing: the first condition is trivially verified, and the second 
is equivalent to the injectivity of fi ; hence our task is to prove that Ker(fi) = . 

Let s E {U q *f := £ n >0 (q - l)~ n (/*)", s ± 0; then s = (q - 1)~ N ■ s+ , with 
s + = J2k=o s N-k(q — 1) G Uq, s + 7^ 0, and fi(s) = -<=>- = 0. Therefore, for 

the injectivity of \x to be proved it is enough for us to show that jtt(s+) 7^ . 

Since s+ G ?7 g * C U q and the latter vector space is in perfect pairing with U q , 
there exist k E U q and a vector subspace V < U q * (the orthogonal of k(q) ■ k) such that 
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U q * = k(q) -s + Q)V and (s+, k) 7^ 0, (V, k) = ; moreover, there exists c G k [q, q 1 ]\{0} 
such that (s + , c ■ = c • (s+, G fe[g, g -1 ] , so that k + := c • k G ^(^*) j • But we 

have already proved the equality ((U q *) j = U q , hence n + E U q , and (s + ,k + ) 7^ 0: 
therefore /u(s+) 7^ 0, q.e.d. 

Finally, proving that the specialization of the pairing ( , ) : (U *) x U q > k[q, q -1 ] 

(at q = 1) is still perfect amounts to show that ((U q *) j = (5 — 1) U q and U q q = 

(q - 1) (f? 9 *) V . Now, let u G ((tyf)^ : then w_ := (g - G ((U*^ = U q , hence 

it = (q — 1) u_ G (q — 1) £/q , q.e.d. And similarly for the other case. □ 

Proposition 2.4. Let (U q (g),U q (g)) be a (G)QUEA. Then U q (g) is a k[q,q~ 1 ]-integer 
form ofU q (g). 

Proof. Consider Uh(g) and Uh(g)' ■ By (2.1), we have that U q (g) is a Hopf subalgebra (of 

U q (g) over k[q, <? -1 ]) because Uh(g)' is a (topological) Hopf subalgebra (of Uh(g) ), thanks 

to Theorem 1.7(a). Thus we only have to show that U q (g) = k(q) ^fc^.g- 1 ] U q (g) . 

Definitions give U q (g) C f/ g (g) , whence fc(g) <S>fc[g,g-i] ^g(s) C k(q) ®k[ q , q -i] U q (g) = 

U q (g) ; moreover, Proposition 2.3 implies that k(q) <8>fc[g, g -i] is perfectly paired (over 

^ v ^ 
k(q)) with fc(g) (^[g.g- 1 ] , while k(q) ®fc[ g>g -i] U q {g) = U q (g) is perfectly paired 

(over k(q) ) with k(q) ®fc[g,g-i] E/,* C ^(fl)* . Now suppose k(q) ®k[q,q-^] U q (g) g E/g(fl) : 
then there exists G such that <p 7^ and 4> (k{q) <S>fc[g,g-i] U q (g)^ = ; in 

addition, we can find such a <f> inside the space k(q) ®fc[g,g-i] U * : but fc(g) ^[g.g- 1 ] {7 g * = 
^ v 

M?) ^fc^g- 1 ] (^g*) definitions), so we end up with a contradiction. □ 

Proposition 2.5. is a k[q 7 q _1 ] -integer form of F q [G]. 

Proof. Let F h [[G}} be the QFSHA defined in §2.2, and consider the QUEA F h [[G]] w . By 
(2.2), we have that F q [G] is a Hopf subalgebra (of F q [G] over k [q, g -1 ] ) because i ? /i[[C]] v 
is a (topological) Hopf algebra, thanks to Theorem 1.7(a). Moreover, one clearly has 
F q [G] = k(q) ®fe[g, g -i] F q [G] because F q [G] = k(q) ®k[q,q-i] F q [G] (by hypothesis), and 
F q [G] C , by construction. The claim follows. □ 

Proposition 2.6. 

U q (g)/(q-l)U q (g) = F[G*] 

for some connected algebraic Poisson group G* whose tangent Lie bialgebra is g* . 

Proof. Consider the QFSHA Uf l (g) s> defined in §2.2, whose semiclassical limit is ; 
then its associated QUEA (W^,(g)*) V has semiclassical limit U(g*), due to Theorem 1.7(c). 
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Let T := Ker(d q (g)* -^k^q' 1 ] »fc) and X := Ker(lAh{g) m —^k[[h]\ — »kj ; 

then definitions imply that X is the /i-adic closure (completion) of /, so X = U^L /i n • I 
(hereafter, the notation U^L ^ n * s use d to denote the completion of the space E^Lo T n 
with respect to the filtration afforded by the family of subspaces { EfcLo | N e N } ). 

As (Uhid)*^ is the /i-adic completion of the space S := E^lo (h~ x - xj , its limit at 
h = is the same as that of S : for the latter, we have 




I + h-h 




I + h-h' 1 ■ ]Jh s I 

s=0 
t 



E f^" 1 • J ) 

for ^C/g(g) j := E^lo ((? ~~ ' • Therefore ^£/g(g) j has the same semiclassi- 
cal limit as S, hence the same of (£4(g)*J , that is C/(g*) : thus [U q (g) ] >U(g*). 

Now, Uh{g) has semiclassical limit U(g), hence the associated QFSHA Uh{g)' has 
semiclassical limit F[[G*]] (by Theorem 1.7(c)). By the very definitions, U q (g) is a Hopf 
subalgebra of Uh(g)' , so its semiclassical limit Ui(g) := U q (g) j (q— 1) U q (g) is a (standard, 
i.e. non-topological) (Poisson) Hopf subalgebra of F[[G*]] . This means that the maximal 
spectrum of Ui(g) is an algebraic group X, with Ui(g) = X[X] ; so X[X] is a Poisson Hopf 
subalgebra of F[[G*]] , which means that X is a Poisson algebraic subgroup of a suitable 
Poisson algebraic group G* (whose tangent Lie bialgebra is g* ) . Now, by Proposition 

2.3 we have a perfect Hopf pairing ( , ) : (u q (g) j x U q (g) > k\_q,q~ l ~\ which for 

q — > 1 yields a similar pairing between the specializations of ( U q (g) ) and of U q (g) , i.e. a 

perfect Hopf pairing ( , ) : U(g*) x X[X] > k which is nothing but the restriction of 

the natural evaluation pairing between U(g*) and X[[G*]]. At last, the non-degeneracy of 
the last pairing implies that X is connected — because the right kernel (C X[X] ) of the 
pairing is trivial — and X = G* (that is to say, Lie(X) = g* ) — because the left kernel 
(Q U(g*) ) is trivial. The claim follows. □ 

Proposition 2.7. 

F q [G] / (q - 1) F q [G] = U(g*) . 

Proof. Let I be the maximal ideal of X g [G] defined in §2.2, let X g [[(*]] be the J-adic comple- 
tion of Xq[G], and let Xo be the closure of I in X g [[G]] , which is Xx> = Yik=i I k • Finally, de- 
fine X g [[G]] V := (q ~ l) - "^ = ES ((« - V^^T (c k(q) ® k[q ^ F q [[G]]) . 
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Now consider F h [[G}} denned in §2.2, and the QUEA F h [[G}] v associated to it. Then 

v ^ v 

7^ [[67]] is nothing but the (q — l)-adic completion of [[(?]] : therefore 

F g [[G]] V /(q - l)F q [[G]] V = F h [[G]]^/hF h [[G]] v = U(g*) (2.4) 

,v 



where the second equality holds by Theorem 1.7(c). Furthermore, we have also 7^ [[6?]] := 

= Efo-i) _1 = E ((?- 1) II 1 ) = E UCff-i)* -1 ^-!)- 1 /) c 

n=0 v 7 n=0\ fc=l / n=0 \ fe=l v 7 / 

C E ((?- I)" 1 /) + (« - 1) II ((9 - 1) • /) C F q [G] + (q- l)F q [[G]] , therefore 

n=0 fc=0 V 7 

^[[G^/ - 1 )^[[ G ']] V = /(? - WfG] , and this and (2.4) give the claim. □ 

Corollary (of the proof) 2.8. The pair ^k(q) ®fc[g,g-i] (u q (g) j , (u q (g) j j is a 
(G)QUEA, and the semiclassical limit of lU q (g) ) is U(g*) . □ 

Proof of Theorem 2.1. Parts (a) and (c) are proved by the whole of Propositions 2.4-7. 
For part (b), we proceed in steps: (U q , U q ) will be a (G)QUEA and (F q , F q ) a QFA. 

Claim 1: (a) F q C F g and (b) U q DU q . 

Proof of Claim 1. From 5 n = (id H — e)® n o A n (for any n G N , and 77 any Hopf algebra) 
we have that 6 n (H) C J H ® n , where J H := Ker(e H ) ; for 77 = F g this yields o" n (F g ) C 

^ 9 ® n = (9 - l) n ((9 - l)" 1 ^)®" C (g - l) n F g ® n , which gives F q C F q , so part faj is 
done. As for part (b), let I' := Ker(lJ q — » k[q, g _1 ] — -» k j ; in order to show that 

U q 2 U q it is enough to check that U q D (q — l)~ 1 P, for the latter space generates 

U q (as a unital [g, g _1 ] -algebra). So let x' G I' : then there exists n G N such that 
x := (g — l)~ n x' G U q \ (q — 1) U q . Now a;' G 7' implies G — 1) C/ g , hence 

x' = 5i(x')+e(x') G (q— 1) {7 g : therefore n > ; then (g — 1) 1 x / = (g — 1) 1 -(q — l) n x G 
(q - l) n_1 £/ g , so (g - 1)~ V G f/ g , q.e.d. 

Claim 2: For x' G U q , let x G U q \ (q — 1) U q , n G N , 6e swc/i x' = (q — l) n x . 
Set x:=x mod (q -l)U q e U q j (q -l)U q = U(g) . Then d(x) < n . 

Proof of Claim 2. By hypothesis S n+ i(x') G (q — l) n+1 U^ + \ hence we have S n+ i(x) G 
(q- 1) U q ® n+1 , so S n+ i(x) = 0, i.e. x G Ker(s n+1 : U(g) — ► £7(s)® (n+1) ) (where g is 

the Lie bialgebra such that U q j (q — 1) U q = U(g) ). But this kernel equals the subspace 
U(g) n := { y £ U(g) | 9(y) < n } (see e.g. [KT], §3.8), whence the claim follows, q.e.d. 
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Now consider the QFA (F q , F q ) : thanks to Claim 1. (a) we have only to prove F q D F q . 

Let x' G F q be given; let n G N, x G F q \(q — l)F q be such that x' = (g — l) n x . Due 
to Propositions 2.5 and 2.7, (i 7 ^, F g ) is a (G)QUEA (with semiclassical limit U (q*) ; then 
Claim 2 gives d(x) < n. Fix an ordered basis {b\} XeA of g*, and a subset {xa} A6A of 
F q such that x> mod (q — 1) F q = b\ for all A; in particular, since g* C Ker{eu( 3 *)) 
we can choose the x\s inside J := (g — 1) 1 J, where J := Ker(e: F q — > &[<Z,(/ _1 ] ) : 
so x\ = (q—l)~ 1 x' x for some x' x G J , for all A G A . Since <9(x) < n , i.e. x G 
L 7 " (g*) n , we can write x as a polynomial -P({^a)a € a) in the b\s of degree d < n ; then 
P({xa} A€A ) = x mod (g — 1) F g , so we can assume x = P[{x\} XeA ) . Now we can write 
x as x = Xlf=o^ s (^ ~~ 1) S ' wnere 3s G J s is a homogeneous polynomial in the x' x s of de- 
gree s, and 7^ 0; then x' = (q — l) n x = J2^ =0 j s (Q — l) n_s G-F g (because d < n), q.e.d. 

Claim 3: U* = (l>) V . 

Proof of Claim 3. This works like the identity F q = F q : the inclusion U* C (U*) is 

proved exactly like part (<y of Claim 1, and the reverse inclusion U q * D (U*) is proved 
by the same argument used above to show that F q = F q , q.e.d. 

Finally, the case of (U q , U q ) . By Proposition 2.3, U q is in perfect pairing with (U*) ; 
now, we can adapt the same proposition to the case of the (G)QUEA [U*J (instead of 
U q ) and the QFA U q instead of U q * (the same proof works, up to a few minor changes): 

then U q is in perfect pairing with (U*) . By Claim 3, the latter equals U *, hence is also 
in perfect pairing with U q . Now U q C U q , thanks to Claim l-(b): if the inclusion were 
strict, there would exist <fi £ \ {0} such that ^0, i7 g ^ = 0: but this contradicts the 

non-degeneracy of the pairing between C/ 9 and (Z7*J = C/ g *, thus U q = U q , q.e.d. □ 



§ 3 First example: 6X2, SL n , and the semisimple case 

3.1 The classical setting. Let G := SL 2 . Its tangent Lie algebra = sl 2 is 
generated by /, h, e (the Chevalley generators) with relations [/i, e] = 2e, [/i, /] = —2/, 
[e, f] = h. The formulae <5(/) = h® f — f ®h , 5(h) = , 5(e) = /i <g> e — e ® /i , define a Lie 
cobracket on g which gives it a structure of Lie bialgebra, which corresponds to a structure 
of Poisson group on G. These same formulae, when properly read, give a presentation of 
the co- Poisson Hopf algebra U(g) (with the standard Hopf structure). 
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On the other hand, F [SL 2 ] is the unital associative commutative /c-algebra with gen- 
erators a, 6, c, d and the relation ad — bc= 1 , and Poisson Hopf structure given by 

A(a) = a<g>a + 6<g>c, A(6) = a <g> 6 + 6 <g> d , A(c) = c <g> a + d <g> c , A(d) = c <g> 6 + d ® d 
e(a) = l, e(6) = 0, e(c) = , e(d) = 1 , S(a) = d, 5(6) = -6, S(c) = -c, 5(d) = a 
{a, 6} = 6a , {a, c} = ca, {6, c} = , {d, 6} = — 6d, {d, c} = — cd, {a,d} = 26c. 

The dual Lie bialgebra g* = sl 2 * is the Lie algebra with generators f, h, e , and relations 
[h, e] = e, [h, f] = f, [e, f] = 0, with Lie cobracket given by <5(f) = 2(f <g> h — h ® f), 
5(h) = e<g>f— f(g>e, 6(e) = 2(h <g> e — e ® h) (we choose as generators f := /* , h := h* , 
e := e* , where {/*, ft*, e*} is the basis of sl 2 * which is the dual of the basis {/, h, e} of 
sl 2 ). This again yields also a presentation of U (sl 2 ) ■ The simply connected algebraic 
Poisson group whose tangent Lie bialgebra is sl 2 * can be realized as the group of pairs of 
matrices (the left subscript s meaning " simply connected" ) 



,SL<2 




0\ ft x 

tr[o t- 1 



x, y e k, t e k \ {0} } < SL 2 x SL 2 ; 



this group has centre Z := {(/,/), (—1, —I)} , so there is only one other (Poisson) group 
sharing the same Lie (bi) algebra, namely the quotient a SL 2 := S SL 2 * j ' Z (the adjoint 
of S SL 2 * , as the left subscript a means). Therefore F[ S SL 2 ~\ is the unital associative 
commutative /c-algebra with generators x, z ±x , y, with Poisson Hopf structure given by 

A(x) =x®z~ x +z®x, A(^ ±1 ) = z ±x <g) z ±x , A(y) = y ® z' 1 + z <g> y 
e(x)=0, e(^ ±1 )=l, e(y) = 0, S(x) = -x , S{z ±1 ) = z^\ S{y) = -y 

{x, y} = (z 2 - z~ 2 )/2 , *} = ix^ 1 , y} = 



(N.B.: with respect to this presentation, we have f = d y \ e , h = -f-<9 z | e , e = d x \ e , where e 
is the identity element of S SL 2 * ). Moreover, F[ a SL 2 *~\ can be identified with the Poisson 
Hopf subalgebra of F[ S SL 2 *~^ spanned by products of an even number of generators — i.e. 
monomials of even degree: this is generated, as a unital subalgebra, by xz, z ±2 , and z~ x y. 

In general, we shall consider g = g r a semisimple Lie algebra, endowed with the Lie 
cobracket — depending on the parameter r — given in [Gal], §1.3; in the following we 
shall also retain from [loc. cit] all the notation we need: in particular, we denote by Q, 
resp. P, the root lattice, resp. the weight lattice, of g, and by r the rank of g. 

3.2 The (G)QUEA's (U q (g), U q (o)) . We turn now to quantum groups, starting with 
the sl 2 case. Let U q (g) = U q ($l 2 ) be the associative unital A;(g)-algebra with (Chevalley- 
like) generators F, K ±x , E, and relations 

KK~ X = 1 = K~ X K , K ±X F = q^FK* 1 , K ±X E = q ±2 EK ±x , EF-FE = K ~ K _, . 

q-q 
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This is a Hopf algebra, with Hopf structure given by 

A(F) = F® F" 1 + 1 <g> F, A(F ±X ) = K ±1 <g> K ±x , A(F) = F <g> 1 + F <g> E 

e(F) = , e^ 1 ) = 1 , e(E) = , S(F) = -FK, S^ 1 ) = K Tl , S(E) = -K~ l E . 

~ K — 1 
Then let be the k [q, q ,_1 ]-subalgebra of U q (g) generated by F, H := — , 

K — F -1 - 
F := — j— , F ±:L , E. From the definition of U q (g) one gets a presentation of U q (g) 

as the associative unital algebra with generators F, F, F, F ±1 , F and relations 
KK~ X = 1 = F _1 F , F ±X F = F"F ±1 , K ±X F = FF ±1 , FF = FFL 

(q-l)H = K-l, (q-q-^T = K-K' 1 , H (l+K' 1 ) = (l+q'^T , EF — FE = F 
K ±1 F = ^ 2 FF ±1 , FF = q~ 2 FH — (q + 1)F , rF = q~ 2 Fr - (q + q'^F 
K ±X E = q ±2 EK ±1 , FF = q +2 EH + (q + 1)F , rE = q +2 Er + (q + q'^E 

and with a Hopf structure given by the same formulae as above for F, F ±:l , and F plus 

A(r) = F^F + F" 1 ®F, e(F) = 0, 5(F) = -F 

A(F) =H®l + K®H, e(F)=0, S{H) = -K~ 1 H. 

Note also that F = 1 + (g - 1)F and F" 1 = F - (g - g _1 )r = 1 + (g - 1)F - (q - 
g _1 )F, hence is generated even by F, F, F and F alone. It is easy to check that 

(U q (g),U q (g)) is a (G)QUEA, whose semiclassical limit is U(g) = U(sl2) '■ the generators 
F, K ±x , F, F, F respectively map to /, 1, h, h, e G £/"(.s[2). Finally, we record that 

C/gCfl) = k[q, g _1 ]-span of | F a FL h F c E d a, b, c, d G N ] ; (3.1) 

In the general case of semisimple g, let U q (g) be the Lusztig-like quantum group — over 
k[q, <Z _1 ] - associated to g = g T as in [Gal], namely U q (g) := U^^g) with respect to the 
notation in [loc. cit], where M is any intermediate lattice such that Q < M < P (this is 
just a matter of choice, of the type mentioned in the statement of Theorem 2.1(c)): this is a 
Hopf algebra over k(q), generated by some elements Fi , Mj, Ei for % = 1, . . . , r =: rank (g) . 
Then let U q (g) be the unital k [q, g _1 ]-subalgebra of U q (g) generated by the elements F i: 

Hi := — , Fj := — — — - — , M ±x , Fj , where the Fj = M a . are suitable product 

q — 1 q — q 1 

of Mj's, defined as in [Gal], §2.2 (whence F^F" 1 G L/ g (g)): then again (U q (g),U q (g)) 

is a (G)QUEA, with semiclassical limit U(g) . For later use, we record the following: from 

[Gal], §§2.5, 3.3, we get that U q (g) is the k [q, g _1 ]-span of the set of monomials 

s n n \ 

II F t n Ht U r * II U^e^NVae^^l,...^ ;(3.2) 

hereafter, F + is the set of positive roots of g, each F Q , resp. F a , is a root vector attached 
to the positive root a G R + , resp. the negative root a G (— F + ), and the products of 
factors indexed by R + are ordered with respect to a fixed convex order of R + (see [Gal]). 
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3.3 Computation of U q (g) and specialization U q {&) ^— ■* F[G*] . We begin with 
the simplest case g = sl 2 ■ From the definition of U q (g) = U q (si 2 ) we have, for any n E N, 



S n (E) = (id - ef n (A n (E)) = (id - ef n ( ^ jf®*- 1 ) ® £ ® 1« 



i(n-s) 1 



vS = l 



= (id - e )®»(iir®(»-i) ® £) = (if - l)®^" 1 ) ®E={q- l) 71 " 1 • jy®^- 1 ) ® £■ 

from which 8 n ((q - 1)E) E (q - l) n U q (g) \ (q - l) n+1 U q (g) , whence (q - 1)E E U q (g), 
whereas E £ U q (g). Similarly, (q — 1)F E U q (g), whilst F ^ U q (g). As for generators 
H, r, K ±x , we have A n (H) = ££ =1 ^® (s_1) ® H ® A 71 ^ 1 ) = (K±i)® n , 

A n (r) = ££ =1 ^ ® (s_1) ® r <g) (iT" 1 )®^ - ^, hence for S n = (id - ef n o A n we have 

<*„(#) = (g - l) n_1 • ® n , 5 n (K- 1 ) = (q- l) n ■ {-K^Hf 71 

n 

S n (K) = (q- l) n -H® n , <T(r) = (q-\) n - 1 -Yl(-l) n ~ a H®( a - 1) ®r®(HK- 1 )® {n ~ a) 

8 = 1 

for all n E N, so that (q - 1)H, (q - l)r, K ±x E U q {g) \ (q - l)U q (g) . Therefore U q (g) 
contains the subalgebra U' generated by (q — K, K~ l , (q — 1)H, (q — (q — 1)E . 
On the other hand, using (3.1) a thorough — but straightforward — computation along 
the same lines as above shows that any element in U q (g) does necessarily lie in U' (details 
are left to the reader: everything follows from definitions and the formulae above for A n ). 
Thus U q (g) is nothing but the subalgebra of U q (g) generated by F := (q — 1)F, K, if -1 , 
H := (q — 1)H, t := (q — E := (q — 1)E; notice also that the generator H is 

unnecessary, for H = K — 1 . As a consequence, U q (g) can be presented as the unital 
associative k [q, g -1 ] -algebra with generators F, P, if ±1 , E and relations 

KK~ X = 1 = K~ 1 K, K ±1 f = fK ±1 , (l + q-^f = K - if" 1 , EF - FE= (q-l)f 
(K + K' 1 ) = (I + q~ 1 )r , K ±X P = q^ 2 FK ±1 , K ±1 E = q ±2 EK ±1 
PP = q~ 2 Ff ~(q-l)(q + g _1 )F , PP = q +2 PP + (q-l)(q + q~ X )E 

with Hopf structure given by 

A(F) =F®K~ 1 + 1® F, e(F)=0, S(P) = -FK 

A(f)=f®K + K- 1 ®f, e(r) = o, s(P) = -P 

A(E) = E® 1 + K® E, e(E)=0, S(E)=-K~ 1 E. 

When q — > 1 , an easy direct computation shows that this gives a presentation of the 
function algebra F[ a SL 2 *], and the Poisson structure that F[ a SL 2 *] inherits from this 
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quantization process is exactly the one coming from the Poisson structure on a SL 2 * : in 
fact, there is a Poisson Hopf algebra isomorphism 

UM/(q-l)UM-^F[ a SLf] ( CF[ S SL 2 *]) 

given by: E mod (q — 1) i— > xz , .ftr ±:L mod (g — 1) i— > z ±2 , i7 mod (g — 1) i— > z 2 — 1 , 
-T mod (q—1) >— > (^ 2 — z -2 ) ^ 2 , F mod (g— 1) >— > In other words, {7 g (g) specializes 

to i ? [ a 5'L2*] as a Poisson Hopf algebra, as predicted by Theorem 2.1. 

Note that in this case we got the adjoint Poisson group dual of G = SL 2 , that is 
aSL-2 ; a different choice of the initial (G)QUEA leads us to get the simply connected one, 
i.e. S SL 2 * , as follows. Start from a "simply connected" version of U q (g), obtained from the 
previous one by adding a square root of K, call it L, and its inverse, and do the same when 
defining U q (g). Then the new pair (U q (g), U q (g)) is again a quantization of U(g), and U q (g) 
is like above but for the presence of the new generator L, and the same is when specializing 
q at 1: thus we get the function algebra of a Poisson group which is a double covering of 
a SL 2 , that is exactly S SL 2 . So changing the choice of the (G)QUEA quantizing g we get 
two different QFA's, one for each of the two connected Poisson algebraic groups dual of 
SL 2 , i.e. having tangent Lie bialgebra sl 2 * ; this shows the dependence of the dual group 
G*, mentioned in Theorem 2.1, on the choice of the (G)QUEA (for fixed g). 

With a bit more careful study, exploiting the analysis in [Gal] , one can treat the general 
case too: we sketch briefly our arguments — restricting to the simply laced case, to simplify 
the exposition — leaving to the reader the (straightforward) task of filling details. 

So now let g = g T be a semisimple Lie algebra, as in §3.1, and let (U q (g),U q (g)) be 
the (G)QUEA introduced in §3.2: our aim again is to compute the QFA (U q (g), U q (g)) . 

The same computations as for g = sl(2) show that 5 n (Hi) = (q — l) n_1 • Hf n and 
(5»(r0 = {q- l)"" 1 • ELi {-lT~ S Hf (S - X) ® ® (HiK^f^, which gives 

Hi-iq-VHieUMMq-yUM and /• := (q - 1) e U q {g) \ (q - 1) U q (g) . 

As for root vectors, let E 1 := (q—l)E 1 and F 1 := (q — l)Fj for all 7 G R + : then acting 
as in [Gal], §5.16, we can prove that E a £ U q {g) but E a e U q (g) \ (q — l) U q (g) ■ In fact, 
let U q (b+) and U q (b-) be quantum Borel subalgebras, and il£f > , , iX^< , 

their k [q, q~ x ] -subalgebras defined in [Gal], §2: then both U q (b+) and U q (b—) are Hopf 
subalgebras of U q (g); in addition, letting M' be the lattice between Q and P dual of M (in 
the sense of [Gal], §1.1, there exists a /c(g)-valued perfect Hopf pairing between U q (b±) and 

U q (b T ) — one built up on M and the other on M' — such that U^> = (w^<) , il^< = 
(w->) f , = (<<) f , and = (<>) f • Now, (g - g" 1 )^ G = (<<) f , 

hence - - since U™'< is an algebra — we have A^(g — g -1 )^^ G (&™'< ®^'<j = 



THE GLOBAL QUANTUM DUALITY PRINCIPLE 



17 



(K'<f ® (K'<f = U ^> ® U ™,> ■ Therefore, by definition of and by the PBW 
theorem for it and for il£f< (cf. [Gal], §2.5) we have that A^(g — g -1 )^ j is a k [g, g -1 ]- 

linear combination like A^(g — g -1 )^,^ = J2 r 4^ <S> A^ in which the A^'s are 
monomials in the Mj's and in the £? 7 's, where i? 7 := (g — g _1 )i? 7 for all 7 G R + : 
iterating, we find that A^(g — g -1 )^^ is a [g, g _1 ] -linear combination 

A l [(q - q~ l )E a ) = 4 1] ® 4 2) ® ' • • ® 4^ (3-3) 

in which the A^ s are again monomials in the Mj's and in the i? 7 's. Now, we distinguish 
two cases: either A^ does contain some E 1 ( E (g — g _1 ) U q (g) , thus e(^A^ j = e 

(g — l)£/g(g) whence (z<i — e) (^A^^j = ; or A^ does not contain any E 1 and is only a 

monomial in the M t % say y# = [T^i M T % ■ then (id - e) = [T^i M T % ~ 1 = 

((? - 1) ^ + I)"* - 1 G (g - 1) t/ g ( ) . In addition, for some "Q-grading reasons" 
(as in [Gal], §5.16), in each one of the summands in (3.3) the sum of all the 7's such 
that the (rescaled) root vectors occur in any of the factors A^\ A^ 2 \ . . . , A^ must 
be equal to a: therefore, in each of these summands at least one factor E 1 does occur. 
The upset is that S e (E a ) E (l + g _1 )(g - l) e U q (g)® £ (the factor (l + g" 1 ) being 
there because at least one rescaled root vector E 1 occurs in each summand of 5g (E a ) , 
thus providing a coefficient (g — g _1 ) the term (l + g -1 ) is factored out of), whence 

5g(E a ) E (g — l) e U q (g) . More precisely, we have also 5g(E a ) E~ (g — l) e+1 U q (g) , for 
we can easily check that A £ (E a ) is the sum of M Q ® M a ® • • • ® M a ® E a plus other 
summands which are k[q, g _1 ] -linearly independent of this first term: but then 5^(i? a ) is 
the sum of (g — l)^ 1 H a ®H a ®- • ■®i7 Q (g)E , a (where H a := A ^'^_~ 1 is equal to a k [g, g -1 ]- 
linear combination of products of Mj's and H^s) plus other summands which are k [g, g -1 ]- 

linearly independent of the first one, and since H a ®H a ® - ■ -®H a ®E a G" (g — 1) C/ g (g) 
we can conclude as claimed. Therefore 5g(E a ) E (g — l)^E/g(fj) \ (g — U q (g) , 
whence we get 

E a := (q - l)E a E U q (g) \(q-l) U q (g) V a E R+ . 

An entirely similar analysis yields also 

F a := (q - l)F a E U q (g) \(q-l) U q (g) V a E R+ . 

Summing up, we have found that U q (g) contains for sure the subalgebra U' generated 
by F a , Hi, Pi , E a for all a E R + and all i = l,...,n. On the other hand, using 
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(3.2) a thorough — but straightforward — computation along the same lines as above 
shows that any element in U q (g) must lie in U' (details are left to the reader). Thus finally 
U q (g) = U' , so we have a concrete description of U q (g). 

Now compare U' = U q (g) with the algebra U™{g) in [Gal], §3.4 (for <p = 0), the 
latter being just the k [q, (/ _1 ]-subalgebra of U q (g) generated by the set { F a , Mi, E a | a G 
R + , i = 1, . . . , n } . First of all, by definition, we have U™(g) CU'= U q (g) ; moreover, 

F a = jF a , E a = jE a , f^^Ki-K- 1 ) mod (q-l)U£(g) V a, V z . 
Then we have 

tfi(fl) :=UM/(q-l)UM =U™{g)/{q-l)U™{g) = F[G* M ] 

where is the Poisson group dual of G = G T with centre Z(G* M ) = M/Q and 

fundamental group 7Ti = P/M , and the isomorphism (of Poisson Hopf algebras) 

on the right is given by [Gal], Theorem 7.4 (see also references therein for the original 
statement and proof of this result). In other words, U q (g) specializes to F as a 
Poisson Hopf algebra, as prescribed by Theorem 2.1. By the way, notice also that in the 
present case the dependence of Ui(g) from the choice of the initial (G)QUEA (for fixed 
g) — mentioned in the last part of the statement of part (c) of Theorem 2.1 — is evident. 

By the way, the previous discussion applies as well to the case of g an untwisted affine 
Kac-Moody algebra: one just has to substitute any quotation from [Gal] - referring to a 
some result about finite Kac-Moody algebras — with a similar quotation from [Ga4] 
referring to the corresponding analogous result about untwisted affine Kac-Moody algebras. 

3.4 The identity U q (g) = U q (g) . In the present section we check that the first half of 
part (b) of Theorem 2.1 ( "The functors {U q ,U q ) i — ► (U q , U q ) and (F q ,F q ) i — ► (F q ,F q ) 
are inverse of each other") is verified. Of course, we start once again from g = 5X2 ■ 

Since e(F) = e(H) = e(f) = e(E) = , the ideal J := Ker(e : U q (g) -> ) is 

generated by F, H, r, and E . This implies that J is the k [q, g _1 ]-span of j F^H^P 1 E 11 

~\ f £ €.1) 1 \ 

(p,K,7,»7) e N 4 \ {(0,0,0,0)}}. Now I := Ker(U q (g) »k[q,q~ x ] » k j = 

J + (q — 1) • U q (g) , therefore we get that U q (g) := J2 n >o ~~ l)" 1 -^) ^ s generated, as 
a unital k[q, q ,_1 ]-subalgebra of U q (g), by the elements (q — 1) 1 F = F, (q — 1) 1 H = H, 
(q — 1) 1 t = r, (q — 1) 1 E = E, hence it coincides with U q (g), q.e.d. 

An entirely similar analysis works in the "adjoint" case as well; and also, mutatis mu- 
tandis, for the general semisimple case. 

3.5 The QFA (F q [G], F q [G]) . In this and the following sections we pass to look at 
Theorem 2.1 the other way round: namely, we start from QFA's and produce (G)QUEA's. 
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So to begin we introduce the relevant QFA's; starting from G = SL n for which an espe- 
cially explicit description of the QFA is available. 

Consider G := SL n with the standard Poisson structure. Let F q [SL n ] be the unital 
associative k [q, (/ _1 ]-algebra generated by { pij \ i, j = 1, . . . , n } with relations 

PijPik = qPikPij , PikPhk = qphkPik V j < k, i < h 

PuPjk = PjkPu , PikPji - PjiPik = (q - <? _1 ) puPjk Vz < j, k < I 

det q (pij) := ^ (-q) l(a) Pl,v(l)P2,a(2) ■ ■ -Pn,a{n) = 1- 
o"6S„ 

This is a Hopf algebra, with comultiplication, counit and antipode given by 

n 

A (pij) =^Pik® Pkj , e(p ij ) = S ij , S(pij) = (-qY~ l det q {[phk)^^ V i, j = 1, . . . , n . 
k=i 

Let also F q [SL n ] := k{q) ® k [ q , q -^] F q [SL n ] . Then (f q [SL n ] , F q [SL n ] ) is a QFA, with 
F q [SL n ]^F[SL n ]. 

3.6 Computation of F q [G] and specialization F q [G] > U(g*) . In this section 
we go and compute F q [G] and its semi classical limit (i.e. its specialization at q = 1 ). To 
begin with, the set of ordered monomials 



lm 

i>j h=k l<m 



N st e NVs,t; min{N 1A ,...,N n , n } = 



is a k[q, q 1 ]-basis of F q [SL n ] and a /c((/)-basis of i^^L^] (cf. [Ga2], Theorem 7.4: it 
deals only with F q [«SX n ] , but clearly holds for F q [SL n ~\ as well): then also the set 



M Hn4 u n(p«-i) N -n* 

i>j h=k l<m 



N st G NVs,t; mmjA^!,!,...,^^} = 



is a /c [g, g 1 ] -basis of F q [SL n ~\ and a /c((/)-basis of F g [SX n ] . Then, from the definition of 
the counit, it follows that 

M'\{1} is a k^q' 1 ] -basis of Ker (e : F q [SL n ] — > k[q, <? -1 ]) • 

Now, by definition / := Ker ^F q [SL n ] »k[q,q~ x ] , whence / = Ker(e) + 

(q - 1) • F q [SL n ] ; therefore a [q, q' 1 ] -basis of J is (M'\{1}) u{(g-l)-l}, hence 

(q-iy 1 ! has -basis (g - l)" 1 • (W \ {!}) U {1} . 



20 



FABIO GAVARINI 



~ ( —l\ n 

The upset is that F g [£X n ] := J2 n >o ( — -*-) ^) * s nothing but the unital /c[<?,<? _1 ] 

subalgebra of F q [SX n ] generated by 



i,j = l,...,n 



q-1 

9—1 



Then one can directly show that this is a Hopf algebra, and that F ? [SX n ] > U(sl n *) 

as predicted by Theorem 2.1. Details can be found in [Ga2], §§2, 4, up to the following 
changes: the algebra which is considered in [loc. cit.] has generators (l + q~ x ) 1 rij instead 
of our Tij , and also generators ru := pa = 1 + (q — l)xi : therefore the presentation given 
in §2.8 of [loc. cit.] has to be changed accordingly; computing the specialization then 
goes exactly along the same lines, and gives the same result — specialized generators are 
rescaled, though, compared with the standard ones given in [loc. cit.], §1. 

We sketch the case of n = 2 (see also [FG]). Using notation a := , b := pi,2 , 
c := P2,i 7 d := p2,2 ) we have the relations 

ab = gba, ac = gca, bd = gdb, cd = gdc, 

bc = cb, ad — da = (g — g _1 )bc, ad — qhc=l 

holding in F q [SL 2 ] and in F q [SL 2 ], with 

A(a) = a<g>a + b®c, A(b) = a<g>b + b<g>d, A(c) = c<g>a + d<g>c, A(d) = c<g>b + d<g>d 

e(a) = 1, e(b) = 0, e(c) = 0, e(d) = 1, S(&) = d, S(b) = -g +1 b, S(c) = -g _1 c, S(d) = a. 

^ lb c 

Then the elements H + := r\ i = , E := r\ 2 = , F := r 2 i = and 

q—i ' q—i q — i 

H- := r 2 2 = generate F[SL 2 ]: these generators have relations 

q — 1 

H + E = qEH + + E , H + F = qFH + + F , EH_ = qH_E + E , FH_ = qH_F + F , 
EF = FE , H + H_ - H_H + = (q - q~ x )EF , H_ + H + = (q - 1) (qEF - H + H_) 

and Hopf operations given by 

A(H+) = H + ®l + l®H + + (q-l)(H+®H + + E®F), e(H+) = , S(H+) = H_ 
A(E) = E<g>l + l<g>E+(q — 1) (H + ® E + E ® H_) , e(£) = , 5(E) = -g +1 £ 
A(F) = F®l + l®F + (q-l)(F®H+ + H_®F), e(F) = , S(F) = -q- 1 F 

A(H_) = H_ <g> 1 + 1 <g> U_ + (g - 1) <g> + F <g> £) , e(#_) = , = 

from which one easily checks that F q [SL2] > U(si 2 ) as co-Poisson Hopf algebras, for 

a co-Poisson Hopf algebra isomorphism 

F q [SL 2 ] /(q-1) F q [SL 2 ] — ^— 
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exists, given by: H± mod (q — 1) i— > ±h, E 1 mod (g — 1) i— > e, F mod (q — 1) h- > f; 
that is, Fq[S'L2] specializes to £/"(sl2*) as a co-Poisson Hopf algebra, q.e.d. 

Finally, the general case of any semisimple group G = G T , with the Poisson structure 
induced from the Lie bialgebra structure of q = q t , can be treated in a different way. 
Following [Gal], §§5-6, F q [G] can be embedded into a (topological) Hopf algebra U q (q*) = 
U™^(q*) , so that the image of the integer form F q [G] lies into a suitable (topological) 
integer form U qip (Q*) of U q (g*) . Now, the analysis given in [loc. cit], when carefully 
read, shows that F q [G] = F q [G] fl U^(q*) v ; moreover, the latter (intersection) algebra 
"almost" coincides with the integer form ^[G] considered in [loc. cit.]: in particular, they 
have the same specialization at q = 1 . Since in addition FqlG] does specialize to U(q*), 
the same is true for F q [G], q.e.d. 

3.7 The identity F q [G] = F q [G] . In this section we verify the validity of the second 
half of part (b) of Theorem 2.1 ("The functors {U q ,U q ) i — ► (U q ,U q ) and {F q ,F q ) i — ► 
(F q , F q ) are inverse of each other"). Again, we begin with G = SL n . 

From A(p i:j ] 



E Pi,k®pk,j , weget ^ N) (pij) = E PiM®PkiM 

k=l ki ,fcjv — i = l 

by repeated iteration, whence a simple computation yields 



N-1,3 ' 



k 2 



iq-l)r kN _ uj ) 



so 6 N {(q - l)r i3 ) e(q- if F q [SL n ] \ (q - l) N+1 F q [SL n ] 

Now, consider again the set 



(3.4) 



JVl„ 

m 



h=fc 



N st GNVs,t; TOm{AT M ,...,iV n)n } =0 



since this is a k [q, q x ] -basis of F q [SL n ~\ , we have also that 

N st GNVs,t; min{N hl ,...,N n , n } =0 



i>j h=k l<m 



is a fe[g, q 1 ]-basis of F q [SX n ] . This and (3.4) above imply that F 9 [SX n ] is the uni- 
tal k [q, (/ -1 ]-subalgebra of F q [SL n ^ generated by { (q — l)ry | i,j = l,...,n}; since 
(9-1) r i7 — Pii ~~ > the latter algebra does coincide with F 9 [SX n ] , as expected. 

For the general case of any semisimple group G = G T , the result can be obtained again 
by looking at the immersions F q [G] C U q (g*) and F q [G] C , and at the identity 
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F q [G] = F q [G] n K^id*) (cf. §3.5); if we try to compute U^(g*) (remarking that the 
pair (k(q)® k [q,q-i] (^(s*)) \ (W^,(fl*)) V ) is a (G)QUEA), we have just to apply much 
the like methods as for U q (o) , thus finding a similar result; then from this and the identity 
F q [G] = F q [G] nU^(Q*) y we eventually find F q [G] = F q [G) , q.e.d. 



§ 4 Second example: the three-dimensional Euclidean group E 2 

4.1 The classical setting. Let G := E 2 , the three-dimensional Euclidean group. Its 
tangent Lie algebra q = t 2 is generated by /, h, e with relations [h, e] = 2e, [h, f] = —2f, 
[e, /] = . The formulae 8(f) = h <S> f - f <S> h , 5(h) = , 5(e) = h ® e - e <g) h , make 
t 2 into a Lie bialgebra, hence E 2 into a Poisson group. These same formulae give also a 
presentation of the co- Poisson Hopf algebra U(t 2 ) (with the standard Hopf structure). 

On the other hand, the function algebra FjE^] is the unital associative commutative 
/c-algebra with generators 6, a ±x , c, with Poisson Hopf algebra structure given by 



a 



A(6) = 6® a" 1 + a(g>6, A(a ±1 ) = a ±1 (g> a ±1 , A(c) = c<g>a 

e(6) = 0, e(a ±1 ) = l, e(c) = , S(b) = -b, S(a ±1 )=a^\ S(c) = -c 

{a ±1 ,6} = ±a ±1 6, {a ±1 , c} = ±a ±1 c , {6, c} = 

i?2 can be realized as E 2 = { (x, z, y) | x, y G fc, z G \ {0} } , with group operation 

(xi, zi, yi) • (x 2 , z 2 , 2/2) = (xiz? 1 + z x x 2 , ^iz 2 , y\z 2 + z^y 2 ) ; 

in particular the centre of E 2 is simply Z := {(0, 1, 0), (0, — 1, 0)} , so there is only one 
other connected Poisson group having t 2 as Lie bialgebra, namely the adjoint group a E 2 := 
E 2 1 Z (the left subscript a stands for "adjoint"). Then F[ a .E 2 ] coincides with the Poisson 
Hopf subalgebra of F^E^] spanned by products of an even number of generators, i.e. 
monomials of even deg unital subalgebra, this is generated by 6a, a ±2 , and a 1 c. 

The dual Lie bialgebra g* = t 2 is the Lie algebra with generators f, h, e , and relations 
[h, e] = 2e, [h, f] = 2f, [e, f] = 0, with Lie cobracket given by 5(f) = f <g> h - h <g> f , 
5(h) = 0, 5(e) = h(g>e — e<g>h (we choose as generators f := /* , h := 2h* , e := e* , where 
{/*, h*, e*} is the basis of t 2 * which is the dual of the basis {/, h, e} of t 2 ). This again 
gives a presentation of U (t 2 ) too. The simply connected algebraic Poisson group with 
tangent Lie bialgebra e 2 * can be realized as the group of pairs of matrices 




t,s e k,t e k\ {0} 
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this group has centre Z := {(/,/), (— J, — /)} , so there is only one other (Poisson) group 

with Lie (bi)algebra c 2 * , namely the adjoint group a E 2 := S E 2 * I Z . 

Therefore F[ S F2*] is the unital associative commutative /c-algebra with generators x, 
2 ±x , y, with Poisson Hopf structure given by 

A(x) = x <g> z~ x + z ® x , A(^ ±:L ) = ® ^ ±:L , A(y) = y ® z" 1 + 2 ® y 

e(x) = 0, e(z ±1 ) = l, e(y) = 0, S(x) = -x, S^* 1 ) = z^ 1 , S(y) = -y 

{x, y} = , {z* 1 , x} = ±A , {z* 1 , y) = Tz ±x y 

(N.B.: with respect to this presentation, we have f = d y \ e , h = z d z \ , e = <9 x | e , where 
e is the identity element of a E 2 ). Moreover, F[ a F 2 *] can be identified with the Poisson 
Hopf subalgebra of F[ a E 2 ~\ spanned by products of an even number of generators, i.e. 
monomials of even degree: this is generated, as a unital subalgebra, by xz, z ±2 , and z~ x y. 

4.2 The (G)QUEA's (*7|(e 2 ), U s q \t 2 )) and (U£(t 2 ), U^(e 2 )) • We turn now to quan- 
tizations: the situation is much similar to the sl 2 case, so we follow the same pattern, but we 
stress a bit more the occurrence of different groups sharing the same tangent Lie bialgebra. 

Let U q (g) = U q (t 2 ) (where the superscript s stands for "simply connected") be the 
associative unital k(q) -algebra with generators F, L ±x , F, and relations 

LL" 1 = 1 = L _1 L, L ±1 F = q Tl FL ±1 , L ±X E = q^EL* 1 , EF = FE . 

This is a Hopf algebra, with Hopf structure given by 

A(F) = F(g) L~ 2 + 1 <g> F, A(L ±1 ) = L ±x <g> L ±1 , A(E) = E <g> 1 + L 2 <g> F 
e(F)=0, e(L ±1 )=l, e(F) = , S(F) = -FL 2 , 5'(L ±1 ) = L Tl , S(E) = -L~ 2 E. 

l±\ _ 1 

Then let U q (t 2 ) be the [g, g -1 ] -subalgebra of U q (t 2 ) generated by F, D± := — , 

E. From the definition of U q (t 2 ) one gets a presentation of U q (t 2 ) as the associative unital 
algebra with generators F, D±, E and relations 

D + E = qED + +E, FD + = qD + F + F , ED_ = qD_E + E , D_F = qFD_ + F 
EF = FE , D+D-=D-D + , F> + + F>_ + (g - 1)F> + F>_ = ; 

with a Hopf structure given by 

A(F) = F®l + l®F + 2(g- 1)D+ <g> E + (q - l) 2 • D% <g> E 

A(D±) = D± <g> 1 + 1 <g> D± + (g - 1) • F>± <g> D± 

A(F) = F <g> 1 + 1 ® F + 2(g - 1)F <g> F>_ + (g - l) 2 • F <g> F> 2 
e(F) = , 5(F) = -F - 2(q - 1)D_E - (q - 1) 2 D 2 _E 

e(£>±) = 0, S(F±)=F T 
e(F) = , 5(F) = -F - 2(q - 1)FD+ - (q - l) 2 FD\ . 
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The "adjoint version" of U* fa) is the unital subalgebra U q fa) generated by F, K ±l := 
L ±2 , F, which is clearly a Hopf subalgebra. It also has a k [q, g -1 ] -integer form U q fa), 

K ±x - 1 

the unital k \q, g _1 l -subalgebra generated by F, ii± := , E : this has relations 

L J q — 1 

EF = FE, H + E = q 2 EH + + (q + 1)F , F# + = g 2 #+F + (g + 1)F , i^+Ff. = 

EH_ = q 2 H_E + (q + 1)E , H_F = q 2 FH_ + (q + 1)F , H + + H_ + (q- 1)H + H_ = 

and it is a Hopf subalgebra, with Hopf operations given by 

A(E) = E®l + l®E+(q-l)-H+®E, e(F) = , S(E) = -E - (g - 1)H_E 
A(H±) = H±®l + l®H± + (q-l)-H±®H±, e(H±) = , S(H±) = H T 
A(F) = F<g>l + l<g>F + (g — 1)-F<g> H_ , e(F) = , 5(F) = -F - (g - 1)FH+ . 

It is easy to check that (U°fa), U a q fa)) is a (G)QUEA, whose semiclassical limit 
is Ufa) '■ in fact, mapping the generators F mod (q — 1), F>± mod (g — 1), F mod 
(g — 1) respectively to /, ±h/2, e G Ufa) gives a co-Poisson Hopf algebra isomorphism 
U s q fa)/{q-l)U s q fa)^Ufa). Similarly, {U*fa),U*fa)) is a (G)QUEA too, with 
semiclassical limit Ufa) again: here a co-Poisson Hopf algebra isomorphism between 
Ugfa) / (q — 1) Uqfa) and Ufa) is given by mapping the generators F mod (q — 1), 
-£Z± mod (g — 1), F mod (g — 1) respectively to /, ±/i, e G £/(e 2 ). 

4.3 Computation of U q fa) and specialization U q fa) > F [F 2 *] . This section 
is devoted to compute U q fa) and U q fa), and their specialization at g = 1 : everything 
goes on as in §3.3, so we can be more sketchy. ^From definitions we have, for any n£l, 
A n (F) = YT s =i if ® (s " 1} ® F ® so 5 n (F) = (K — l)®^" 1 ) ® F = (g - l) n_1 • 

Hf n - 1] ®E, whence 5 n ((g-l)F) G (g - l) n £/«(e 2 ) \ (g - l) n+1 U%fa) thus (g-l)F G 
*7 g a (e 2 ), whereas F £ t^ a (e 2 ). Similarly, we have (g - 1)F, (g - 1)H± G U^fa) \ (g - 
l)f/g(e 2 ). Therefore U q fa) contains the subalgebra U' generated by F := (g — 1)F, 
H± := (g - 1)H±, E := (g - 1)F . On the other hand, U q fa) is clearly the [g, g _1 ]-span 
of the set j F a H\FL c _E d a,b,c,de N j : more precisely, the set 

|F a ^K"l b / 2 lF d a,MeN) = |F a ^(l + (g-l)^_) l&/2| F d a, 6, d G N } 

is a /c [g, g _1 ] -basis of U q fa); therefore, a straightforward computation shows that any 
element in U q fa) does necessarily lie in U', thus U q fa) coincides with U' . Moreover, 
since H± = K ±x — 1 , the unital algebra U q fa) is generated by F, K ±x and E as well. 

The previous analysis — mutatis mutandis — ensures also that U q fa) coincides with 
the unital k [g, g _1 ] -subalgebra U" of U q fa) generated by F := (g— 1)F, D± := (q—l)D±, 
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E := (g — 1)F ; in particular, (e 2 ) C t/^(e 2 ) ■ Furthermore, as D± = L ±l — 1 , the unital 
algebra Uq{t 2 ) is actually generated by F, L ±l and E too. Therefore we can single out 
the following presentation of U q (t 2 ) : it is the unital associative k [g, g -1 ] -algebra with 
generators T := LF, C ±x := L ±x , £ := EL -1 and relations 

££- 1 = l = £- 1 £, £T = J=£, C ±1 F = q Tl F£ ±1 , C ±1 £ = q ±1 £C ±1 

with Hopf structure given by 

A(jF) = T®C~ X + £®F, A(£ ±1 ) =£ ±1 ®£ ±1 , A(£) = £ ® C' 1 + £ ® £ 

e(JF) = 0, e(£ ±1 )=l, e(£) = 0, S(f) = -F, S^ 1 ) = £ Tl , S(£) = -£ . 

As g — > 1 , this yields a presentation of the function algebra F[ S F 2 *], and the Poisson 
bracket that F [ S F 2 *] earns from this quantization process coincides with the one coming 
from the Poisson structure on S E 2 : namely, there is a Poisson Hopf algebra isomorphism 

U s q {t 2 ) /(q - 1) U s q {t2) ~^F[ 8 E 2 *} 

given by £ mod (g — 1) i— > x , £ ±:L mod (g — 1) i— > z ±x , F mod (g — 1) i— > y . That is, 
Uq(t 2 ) specializes to F[ S F 2 *] as a Poisson Hopf algebra, as predicted by Theorem 2.1. 

In the "adjoint case" , from the definition of U' and the identity Uq(t 2 ) = U' we find that 
Uq(t 2 ) is the unital associative k[q, g _1 ]-algebra with generators F, K ±x , E and relations 

KK' 1 = 1 = K~ 1 K , EF = FE , F^F = g T2 FF ±x , F^F = q ±2 EK ±l 
with Hopf structure given by 

A(F) = F® F" 1 + 1 <g> F, A(F ±X ) = K ±1 <g> K ±1 , A(F)=F®1 + F®F 
e (F) = , e(F ±1 ) = 1 , e(F) = , S(F) = -FK , 5(K ±1 ) = F Tl , 5(F) = -F" X F . 
The upset is that a Poisson Hopf algebra isomorphism 

U a q {t2) /{q ~ 1) Uq{z 2 ) - >■ F [ a F 2 *] ( C F[ S F 2 *]) 

exists, given by F mod (g — 1) i— > xz , F 1 * 11 mod (g — 1) i— > z ±2 , F mod (g — 1) i— > z _1 y , 
i.e. Uq{t 2 ) specializes to F[ a F 2 *] as a Poisson Hopf algebra, according to Theorem 2.1. 

4.4 The identity £7 g (e 2 ) = U q (t 2 ) . The goal of this section is to check that the first 
half of part (b) of Theorem 2.1 ("The functors {U q ,U q ) i — ► {U q ,U q ) and (F q ,F q ) i — ► 
(F g , F g ) are inverse of each other") is verified. In other words, we have to verify that 

U q (t 2 ) = £/g(e 2 ) , as predicted by Theorem 2.1 (b), both for the simply connected and 
the adjoint version of the (G)QUEA we are dealing with. First, it is easy to see that 
U q (c 2 ) is a free k[q, g _1 ]-module, with basis j J ra C d £ c a, c e N, d e Z j , hence the set 

1 := |F a (£ ±1 -l) 6 ^ c a,6,c G N | , is a fc [g, g" 1 ] -basis as well. Second, as e(F) = 

e(£ ±1 -l) =e(£) = 0, the ideal J := Ker{e : U q (t 2 ) ^/c[g,g -1 ]) is the span of 1\ {1}. 
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Now / := Ker{u q (t 2 ) »k[q,q x ] ^> k j = J + (q — 1) • U q (t 2 ) , therefore 

~ ( —i\ n 

U q (t 2 ) '■= J2 n >o ( (l ~ -*-) ^) * s generated — as a unital k [q, -subalgebra of U q (t 2 ) 
-by (q-l)- 1 F = LF, (q - 1)~\C - 1) = D +1 Jq - l)" 1 - l) = £>_, (g - l)" 1 * = 
-EL -1 , hence by F, D-t, F, so it coincides with U q (t 2 ), q.e.d. 

The situation is entirely similar for the adjoint case: one simply has to change JF, £ ±:L , 
£ respectively with F, F ±:L , F, and D± with ii±, then everything goes through as above. 

4.5 The QFA's (F q [E 2 ],F q [E 2 ]) and (F q [ a E 2 ], F q [ a E 2 }) . In this and the following 
sections we look at Theorem 2.1 starting from QFA's, to get (G)QUEA's out of them. We 
begin by introducing a QFA for the Euclidean groups E 2 and a E 2 . 

Let F 9 [F 2 ] be the unital associative k [q, g -1 ] -algebra with generators a 1 * 11 , b, c and 
relations 

ab = gba, ac = gca, bc = cb 

endowed with the Hopf algebra structure given by 

A(a ±1 ) = a ±1 <g> a ±x , A(b) = b <g> a" 1 + a <g> b , A(c) = c <g> a + a" 1 <g> c 
e(a ±1 ) = l, e(b) = 0, e(c) = , 5(a ±1 ) = a^ 1 , S(b) = -q +1 b , S(c) = -g _1 c; 

let also F q [F 2 ] be the fc(<?)-algebra obtained from F q [F 2 ] by scalar extension. Define 
F q [ a E 2 ] as the k [q, g -1 ] -sub module of F q [F 2 ] spanned by the products of an even number 
of generators, i.e. monomials of even degree in a ±:L , b, c: this is a unital subalgebra 
of Fg[F 2 ], generated by (3 := ba, a ±l := a ±2 , and 7 := a _1 c; its scalar extension 
to k(q) is then a unital /c((/)-subalgebra of F g [F 2 ], which has a similar description: we 
denote it by F q [ a E 2 ] . Both [F q [E 2 ] , F q [E 2 ] ) and (f q [ a E 2 ] , F q [ a E 2 ] ) are QFA's, 
whose semiclassical limit is F [F 2 ] and F [ a F 2 ] respectively. 

4.6 Computation of F q [E 2 ] and Fj[ a F 2 ] and specializations F q [E 2 ] > Z7(g*) 
and F g [ a F 2 ] — - — — > L"(fT) • In this section we go and compute F q [G] and its semiclassical 
limit (i.e. its specialization at q = 1 ) for both G = E 2 and G = a E 2 . 

First, F g [F 2 ] is free over k [q, q~ x ] , with basis | b b a a c c a G Z, 6, c G N j , so the set 

B s := j b b (a ±1 — l) a c c a, 6, c G N | is a k [q, q ,_1 ]-basis as well. Second, we have e(b) = 

e(a ±1 — l) = e(c) = 0, thus the ideal J := Ker^e : F q [E 2 ] > k^q^q -1 ] j is the span of 

l s \{l}.Now I := Ker(Pq[E 2 ] — ^%,g _1 ] ^ » kj = J + (q — 1) ■ F q [E 2 ] , thus 
~ I 1 \ n 

F ? [F 2 ] := J2 n >o \ (l ~ -*■)" ^) turns out to be the unital [q, q~ x ] -algebra (subalgebra 

a ±i _ ^ b c 

of F a \E 2 ] ) with generators D± := , E := , and F := and relations 

LJ q — 1 (/ — 1 (/ — 1 

D + E = qED + + E, D + F = qFD + + F , ED_ = qD_E + E , FD_ = qD_F + F 
EF = FE , D + D_=D_D + , D + + D_ + (q - 1)D + D_ = ; 
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with a Hopf structure given by 

A(E)=E®l + l®E + (q-l)(E®D_+D+®E), e(E) = , S(E) = -q +1 E 

A(D±) = D±®l + l®D± + (q-l)-D±®D±, e(D±) = 0, S(D±) = D T 

A(F) = F®l + l®F + (g-l)(F®F> + +F>_®F), e(F) = 0, S(F) = -g^F. 

This implies that F q [E 2 ] 9 ^ > ^(e 2 *) as co-Poisson Hopf algebras, for a co-Poisson Hopf 
algebra isomorphism 

Fq [E 2 ] /(q-1) F q [E 2 ] — ^— U(t 2 *) 

exists, given by D± mod (g — 1) i— > ±h/2 , F mod (g — 1) i— > e, F mod — 1) i — > f ; 
thus F g [F 2 ] does specialize to U{t2*) as a co-Poisson Hopf algebra, q.e.d. 

Similarly, if we consider F q [ a E 2 ] the same analysis works again. In fact, F q [ a E 2 ] is 
free over k [q, g _1 ] , with basis B a := j /3 6 (a ±1 — l) a 7 c a, 6, c G N | ; therefore, as above 

the ideal J := Keri^e : F q [ a F 2 ] - ► ^ <2 — 1 ] j is the span of B a \ {1} . Now, we have 

I := Ker(F q [ a E 2 ] -^k[q,q~ l ] -^-»fc) = J + (q - 1) • F g [ a E 2 ] , so F, [ a F 2 ] := 
( —i\ n 

J2 n >o ( — 1)~ -0 i s nothing but the unital k [q, g -1 ] -algebra (subalgebra of F q [ a E 2 ] ) 

a ±1 - 1 P 7 

with generators H± := , E' := , and F' := and relations 

q-1 q-1 q-1 

E'F' = q- 2 F'E', H + E' = q 2 E'H + + (q + l)E', H+F' = q 2 F'H + + (q + l)F', H + H_ = H-H + 
E'H- = q 2 H-E' + (q + 1)E\ F'H_ = q 2 H-F' + (q + 1)F', H + + H_ + (q- 1)H+H- = 

with a Hopf structure given by 

A(E') = E'®l + l®E' + (q-l)-H + ®E' , e(E') = 0, S(E') = -E' -(q-l)E'H_ 
A(H ± ) = H ± ®l + l®H ± + (q-l)-H ± ®H ± , e(H±) = , S(H±) = H T 
A(F') = F'®l + l®F' + (q-l)-H_®F' , e(F') = , S(F') = -F' - (q- 1)F'H+ . 

This implies that F q [ a E 2 ] q ^ > U(z 2 *) as co-Poisson Hopf algebras, for a co-Poisson Hopf 
algebra isomorphism 

Fq [ a E 2 ] /(q-1) F q [ a E 2 ] — ^— £/(e 2 *) 

is given by H± mod (g — 1) 1— > ±h, F' mod (g — 1) 1— > e, F' mod (g — 1) 1— > f; so 
Fq [a,E 2 ] too specializes to U(t 2 ) as a co-Poisson Hopf algebra, as expected. 

4.7 The identities F q [E 2 ] = F q [E 2 ] and F q [ a E 2 ] = F q [ a E 2 ] . In this section we 
verify the validity of the second half of part (b) of Theorem 2.1 ("The functors (U q ,Uq) 1 — ► 
(U q ,U q ) and (F g ,Fg) 1 — ► (F q ,F q ^ are inverse of each other"). In other words, we check 

that F q [E 2 ] = F q [E 2 ] and F q [ a E 2 ] = F q [ a E 2 ] . 
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By induction we find formulae A n (E) = ^ r+s+1=n a® r <g> E <g> (a" 1 )®", A n (D±) = 
E r+s +i=n (a ±1 )® r ®^±®l® s , and A n (F) = E r+s +i = n (a" 1 )®" ® E ® a® s : these imply 

r+s+l=n r+s+l=n 



S n (D ± ) = (a ±1 - l)^ n - i; ® £> ± = (g - ^ 
<J n (F) = ]T (a" 1 -l)® r ®i?®(a-l)® s = (Q-l) n - 1 ]T D® r ® E ® D+ [ 

r+s+l=n r+s+l=n 



<g>s 



which gives E:=(q- 1)E , t>± := (q - 1)D± , F:=(q- 1)F G F q [E 2 ] \ (q - l)F q [E 2 ] . 

So F 9 [S 2 ] contains the unital k [g, g _1 ]-subalgebra A' generated (inside F q [E 2 ] ) by E, 
D± and F ; but E = b, D± = a ±1 - 1, and F = c, thus A' is just F g [E 2 ]. Since F q [E 2 ] is 
the fc[g, g _1 ]-span of the set | E e D d ^ r D d _T F? e, d+, gL, / G N | , one easily sees — using 

the previous formulae for A n — that in fact F q [E 2 ] must coincide with A' = F q [E 2 ], q.e.d. 

When dealing with the adjoint case, the previous arguments go through again: in fact, 
F q [aE 2 ] turns out to coincide with the unital k [g, g _1 ]-subalgebra A" generated (inside 
F q [ a E 2 ] ) by E> := (q - 1)E' = P, H±:=(q- 1)H± = a* 1 - 1 , and F> := (q - 1)F' = 7 ; 
but this is also generated by /3, a ±1 and 7, thus it coincides with F q [ a E 2 ] , q.e.d. 



§ 5 Third example: the Heisenberg group H n 

5.1 The classical setting. Let G := H n , the (2n + l)-dimensional Heisenberg group. 
Its tangent Lie algebra g = h n is generated by {fi,h,€i\i = l,...,n} with relations 
[aufj] = Sijh, [ei,ej] = [fi,fj] = [h,ei] = [h, fj] = (Vz,j = l,...n). The formulae 
fi(fi) = fi®h — h®fi, 5(h) = , S(ei) = e$ ® h — h ® (Vi = 1, . . . n) make h n 
into a Lie bialgebra, which provides H n with a structure of Poisson group; these same 
formulae give also a presentation of the co-Poisson Hopf algebra U(\) n ) (with the standard 
Hopf structure). The group H n is usually defined as the group of all square matrices 
{ci'ij) i _ x n+2 . such that an = 1 Vi and = Vz,j such that either i > j or 
1 ^ i < j or i < j 7^ n + 2 ; it can also be realized as H n = k n x k x k n with group 
operation given by (x', z', y') • (x", z", y") = (V + x", z' + z" + x' *y", y' + y") , where we 
use vector notation v = (vi, . . . , u n ) G /c n and x' * y" := E"=i ^i^' ^ s tne standard scalar 
product in k n ; in particular the identity of H n is e = (0, 0, 0) and the inverse of a generic 
element is given by (x, z, y) = ( — x , — z + x * y ,—y) ■ Therefore, the function algebra 
-F[-ff n ] is the unital associative commutative /c-algebra with generators ai, . . ., a n , c, bi, 
. . . , 6 n , and with Poisson Hopf algebra structure given by 



THE GLOBAL QUANTUM DUALITY PRINCIPLE 



29 



A(ai) = at ® 1 + 1 <S> at , A(c) = c <g> 1 + 1® c + a* <g> 6* , A(6j) = 6< <8> 1 + 1 <8> 6< 

n 

e(cij) = 0, e(c)=0, e(6i) = 0, S(a,i) = -di , 5(c) = -c + ^ , S(bi) = -hi 

{ai,aj} = 0, {a i ,6 i } = 0, {6»,6j} = 0, {a i5 c} = aj, {6 i , c } = 6 i 

for all z, j = 1, . . . , n. (N.B.: with respect to this presentation, we have fi = db i \, h = 
d c \ j £i = | , where e is the identity element of H n ). The dual Lie bialgebra 0* = f) n * 
is the Lie algebra with generators f^, h, , and relations [e^,h] = e^, [fj,h] = fj, [e^e,] = 
[e^, fj] = [fj, fj] = , with Lie cobracket given by S(fi) = 0, 5(h) = X}j=i( e j ® ~~ fj ® e j) ? 
5(ej) = for all % = 1, . . . , n (we take U := f* , h := h* , := e* , where [f*,h*,e* \ i = 
1, . . . , n } is the basis of f) n * which is the dual of the basis { fi, h, | i = 1, . . . , n } of f) n ). 
This again gives a presentation of ?7(f) n *) too. The simply connected algebraic Poisson 
group with tangent Lie bialgebra t) n * can be realized (with k* := k\ {0} ) as s H n * = k n x 
k* x k n , with group operation given by (i, z, y) • (x , z, y) = (zx + z -1 ^ zz, zy-\-z~ x y) ; so 
the identity of s H n * is e = (0, 1,0) and the inverse is given by (x, z,y) 1 = (— x, z~ x , — y ) . 
Its centre is Z( s H n *) = {(0, 1,0), (0, —1,0)} =: Z , so there is only one other (Poisson) 
group with tangent Lie bialgebra f) n * , that is the adjoint group a H n * := s H n * j Z . 

It is clear that F [ s H n *] is the unital associative commutative /c-algebra with generators 
cki, . . . , a n , 7 ±x , Pi, . . . , /3 n , and with Poisson Hopf algebra structure given by 

A(tti) =a i (8)7 + 7- 1 (8)a i , A( 7 ±1 ) = 7 ±x <g> 7 ±1 , A(A) = A ® 7 + 7 _1 ® A 

ef ai ) = , e( 7 ±1 ) = 1 , e(ft) = , S(a,) = -a, , 5( 7 ±1 ) = 7 T V S(A) = -0i 

{oiiiOij} = = = {^,7} = {A, 7} = 0, {<*i,Pj} = ^(7 -7 )/2 

for all i,j = (N.B.: with respect to this presentation, we have fj = , 

h = -|- 7<9 7 | e , ei = d ai \ e , where e is the identity element of s H n * ), and F[ a H n *~\ can be 
identified — as in the case of the Euclidean group — with the Poisson Hopf subalgebra of 
F[ a H n *~^ which is spanned by products of an even number of generators: this is generated, 
as a unital subalgebra, by 0^7, 7 ±2 , and 7 _1 A (i = 1, . . . , n ). 

5.2 The (G)QUEA's {U°(t) n ), U°(t) n )) and (^(f) n ), U«(K)) ■ We switch now to 
quantizations, following again the pattern of sl 2 ■ Let U q (g) = U*(f) n ) be the associative 
unital fc(g)-algebra with generators F i: L ±x , Ei (i = 1, . . . , n ) and relations 

L - L~ 2 

LL' 1 = 1 = L _1 L , L ±X F = FL ±X , L ±X E = EL ±X , E t F 3 - FjE, = 5 %j — 

for all i, j = 1, . . . , n ; we give it a structure of Hopf algebra, by setting (V i, j = 1, . . . , n ) 

A(E i ) = E i ®L 2 + l®E i , A(L ±1 )=L ±1 ®L ±1 , A(F,) = F, <g> 1 + L~ 2 ® F, 
e{Ei) = , e(L ±1 ) = 1 , e(F,) = , S(Ei) = -E t L~ 2 , S^ 1 ) = L Tl , 5(Fi) = -L 2 F t 
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Notealsothat j Y\7=i ^ ' L * '117=1 E t* z G Z, a t , rf, G N, Vz } is a %)-basis of £/ g s (f) n ). 

Now let Uq(t) n ) be the [g, g -1 ] -subalgebra of Uq(t) n ) generated by Fi, F n , 

L - 1 L - L~ 2 - 

D := , r := — , Ei, E n . Then L/i(f} n ) can be presented as the as- 

q — 1 Q — Q 

sociative unital algebra with generators F 1: . . . , F n , L ±:L , D, r, Ei, . . . , E n and relations 

DX = XD, L ±X X = XL ±X , rX = XT , - Fj-Ei = <%r 

L = l + (g-l)D, L 2 -L~ 2 = (q-q-^T, D(L + 1) (l + L~ 2 ) = (1 + q'^T 

for all X G {i^, L ±:L , D, r, E^ iX n and i,j = 1, . . . , n ; furthermore, Uq(§ n ) is a Hopf 
subalgebra (over [<?, g -1 ] ), with 

A(r) = r <g> l 2 + l~ 2 <g> r , e(r) = o, s(r) = -r 

A(D) = D<g)l + L<g>D, e(D) = 0, S(D) = -L~ 1 D. 

Moreover, from relations L = 1 + (q — 1)D and L _1 = L 3 — ((/ — q~ 1 ^LT it follows that 



f/ g s (0n)= fc^^j-spanofi JI^.D^.JJS' 



di 

Hi 

i=l i=l 



<ii,b,c,di G N, V z = 1, . . . ,n> (5.1) 



The "adjoint version" of Uq(f) n ) is the unital subalgebra £/^(f) n ) generated by Fi, 
K ±:L := L ±2 , Ei (i = 1, . . . , n), which is clearly a Hopf subalgebra. It also has a k [q, q -1 ]- 
integer form Uq{t2), namely the unital k [q, q~ x ] -subalgebra generated by Fi, F n , 

K — 1 K — K~ x 

K ±x , H := , r := — , Ei, . . . , E n : this has relations 

q — 1 q — q 1 

HX = XH , K ±X X = XK ±l , rX = XT, EiFj - FjEi = S lj r 
K=l + (q-l)H, K -K~ l = (q-q- 1 )r , H(l + K~ x ) = (1 + q~ 1 )T 

for all X G {Fi, K ±x , H, r, EA . and i,j = 1, . . . , n , and Hopf operations given by 

A(£?0 = <g> if + 1 <g> , e(^) = , = —EiK~ l 

A[K ±X ) = ® AT* 1 , e^ 1 ) = 1 , S^* 1 ) = K* 1 

A(H) = H® 1 + K®H, e(H) = 0, S{H) = -K~ 1 H 

A{r) = r®K- 1 + K®r, e(r) = o, s(r) = -r 

A(Fi) =F l ®l + K~ 1 ®F l , e(Fi) = , S(F,) = 

for all z = l,...,n. One can easily check that {U%(f) n ),U%(l)n)) is a (G)QUEA, with 
U(l) n ) as semiclassical limit: in fact, mapping the generators Fi mod (q — 1), L ±:L 
mod (<? — 1), -D mod (<?— 1) , -T mod 1) , Ei mod (<?— 1) respectively to fi, 1, ft/2, ft, 
G £7(f) n ) yields a co-Poisson Hopf algebra isomorphism between Uq(fy n ) / (q — 1) t/g([) n ) 
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and U(t) n ). Similarly, (U%(f) n ),U%(t) n )) is a (G)QUEA too, again with limit U(\) n ) , for 
a co-Poisson Hopf algebra isomorphism between U£(f) n ) j {q — 1) U£(f) n ) and U(f) n ) is 
given by mapping the generators Fi mod (q — 1), K ±:L mod (q — 1), if mod (g — 1), .T 
mod (g — 1), .Ei mod (g — 1) respectively to fi, 1, h, h, G £7(f) n ). 

5.3 Computation of £/q(f) n ) and specialization U q (t) n ) — — ^->F[iI n *] . Here we 
compute Uq{\) n ) and (f) n ), and their semiclassical limits, again along the pattern of §3.3. 

Definitions give, for any n G N , A n (E t ) = £" =1 1®^- 1 ) <g> ^ ® ( L 2 )® (n " s) , hence 
(5 n (S i )=_( 9 -l)"- 1 - J B i ®D®(»- 1 ) so (5 n (( ? -l)S) G( ? -l) n C^(M\(«-l) n+1 ^(W 
whence £7* := (q — l)Ei G U^fa), whereas ^ £/*(f) n ); similarly, we have Fi := (g — l)Fi, 
L ±x , D := fa - 1)D = L - 1, f := (q - l)r G U s q (\) n ) \(q-l) t/*(f) n ), for all z = 1, . . . , n . 
Therefore Uq(i) n ) contains the subalgebra U' generated by F i: L ±1 , D, P, Ei ; the upset 
is that in fact Uq(i) n ) = U' : this is easily seen — acting like in the case of SL2 and of 
E 2 — using the formulae above along with (3.4). As a consequence, Ug(t) n ) is the unital 
k[q, g _1 ]-algebra with generators P\, . . . , P n , L ±x , D, P, E\, . . . , E n and relations 

DX = XD, L ±X X = XL ±X , Px = XP , E % P 3 - P J E l = 5 lJ (q - 1)P 
L = l + D, L 2 -L~ 2 = (l + g" 1 )/ 1 , D(L + + L~ 2 ) = (l + q- 1 )^ 

for all X G {Fi, L , D, J 1 , -Ei]^ _ 1 n and i, j = 1, . . . ,n , with Hopf structure given by 

A =E i ®L 2 + l®E i , e(Ei)=0, S(Ei) = -E.L' 2 Vz = l,...,n 

A(r) = p® l 2 + L" 2 <g> P, e (r)=o, s(r) = -r 
A(b) = b® i + L® b, e(b)=o, s(b) = -L- 1 b 

A(Fi)=Fi®l + L- 2 ®Fi, e(Fi)=0, S{P % )=-L 2 F % Vz = l,...,n. 

A similar analysis shows that Uq(l) n ) coincides with the unital k [q, g _1 ] -subalgebra 
U" of U£(t) n ) generated by P z , K ±x , H := (q - 1)H, P, E t (i = 1, . . . , n); in particular, 
Uq(i) n ) C £/^(f) n ) . Therefore Uq(\) n ) can be presented as the unital associative k[q,q~ x ~\- 
algebra with generators P\, . . . , P n , i7, -ftT ±:L , -T, £1, . . . , E n and relations 

HX = XH , K ±x X = XK ±X , Px = Xp, EiFj - = (q-l)f 
K=l + H, K — K~ x = (l + g _1 )-T , ^(l + K~ x ) = (1 + g" 1 )/ 1 

for all -X" G {Fi, K ±x , K, P, EA and i, j = 1, . . . , n , with Hopf structure given by 

A(Ei)=Ei®K+l®Ei, e(Ei)=0, S [Ei) = —EiK~ x Vz = l,...,n 

A(r) =r®K + K-i®r, e(r) = o, s(r) = -r 

A(H) = H®l + K®H, e(H)=0, S(H) = -K~ l H 

A(Fi) =F l ®l + K~ 1 ®F l , e(V)=0, S^) = -KF t Vz = l,...,n. 
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As g — > 1 , the presentation above provides an isomorphism of Poisson Hopf algebras 

U s q {^ n ) /(q-1) U s q {^ n ) -J^F[ s H n *} 

given by Ei mod (q — 1) i— > ai7 +1 , L ±:L mod (g — 1) i— > 7 ±:L , I) mod (q— 1) i— > 7— 1 , F 
mod (g — 1) I— > (7 2 — 7~ 2 ) ^ 2 , F!j mod (g — 1) 1— > 7 _1 A . In other words, the semiclassical 

limit of Uq(\)n) is F[sH n *~\ , as predicted by Theorem 2.1. Similarly, when considering 
the " adjoint case" , we find a Poisson Hopf algebra isomorphism 

U^(K) /(? " 1) ^(W -^F[ a tf n *] ( C F[ s tf n *]) 

given by Fj mod (g — 1) 1— > ai7 +1 , F ±:L mod (g — 1) 1— > 7 ±2 , if mod (g — 1) 1 — ^ ^ 2 — 1 , 
F mod (g - 1) i-> (7 2 - 7" 2 ) / 2 , mod (g - 1) i-> 7" 1 /3 l • That is to say, U£(l) n ) has 
semiclassical limit F[ H n *] , as predicted by Theorem 2.1. 

5.4 The identity U q (t) n ) = U q {fy n ) • hi this section we verify the first half of part 
(b) of Theorem 2.1 {"The functors {U q ,U q ) 1 — ► (U q ,U q ) and {F q ,F q ) 1 — ► (F q ,F q ) are 

inverse of each other") for g = f) n . In other words, we check that U q {\) n ) = U q {\) n ) 

and U q {\}n) = U%(\) n ) . To begin with, using (5.1) and the fact that F, D, F, Ei e 

Ker(e: U q {\) n ) — » k[q, g -1 ] j we get that J := Ker(e) is the [g, g _1 ]-span of M\{1} , 

where M is the set in the right-hand-side of (5.1). Since U q (i) n ) := J2 n>0 ((g — 1) _1 ^) 

with I := Ker^^-^kfaq- 1 ] -^^-»fc) = J+ (g- 1) • U%(t) n ) we have that U°(t) n ) 
is generated - - as a unital k [g, g _1 ]-subalgebra of L/*(f) n ) - - by (g — l) _1 Fj = F; , 
(g-l) _1 Z) = L>, (g-l) _1 F = F, (g - 1) _1 F, = F, (i = l,...,n), so it coincides 
with U q {\) n ), q.e.d. The situation is entirely similar for the adjoint case: one simply has 
to change L ±x , resp. D, with K ±x , resp. H, then everything goes through as above. 

5.5 The QFA [F q [H n ], F q [H n ]) . We now look at Theorem 2.1 the other way round, 
i.e. from QFA's to (G)QUEA's. We begin by introducing a QFA for the Heisenberg group. 

Let F q [H n ] be the unital associative k [g, g -1 ] -algebra with generators ai, a n , c, 
bi, . . . , b n , and relations (for all i,j = l,...,n) 

a.i&j = , a.ihj = b^a^ , bib, = bjbi , a^c = ca^ + (q — l)a^ , b^c = cbj + (q — l)bj 

with a Hopf algebra structure given by (for all i, j = 1, . . . , n ) 

n 

A(&i) = &i <g> 1 + 1 <g> a* , A(c) = c<g> 1 + 1 <g>c + J^a* <g> b^ , A(bi) = bj <g> 1 + 1 <g> bj 

i=i 

n 

e(ai)=0, e(c) = 0, e(bj) = 0, S , (a i ) = -a i , 5(c) = -c + y^a^, 5(bj) = -bi 

j'=i 
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and let also F q [H n ] be the /c(o)-algebra obtained from F q [H n ] by scalar extension. Then 



n 



i=l a i C 



Tij=i bj J c, bj G N Vi, j | is a k[q, q 1 ]-basis of F q [H n ], hence a 



%)-basisofF g [/f n ]. Moreover, (F q [H n ], F q [H n }) is a QFA, with semi classical limit F[H r , 



5.6 Computation of F q [H n ] and specialization F q [H n ] > U(t) n *) . This sec- 
tion is devoted to compute F q [H n ] and its semiclassical limit Fi[H n ] . 

Definitions imply that B\{1} is a k [q, o _1 ] -basis of J := Ker{e: F g [iy n ] -» k [q, o _1 ] j , 

so (B\{l})u{(g-l)-l} is a k[q,q- x ] -basis of 7 := Ker (P q [H n ] ^ k [q, q' 1 ] — »k), 

for I = J + {q - 1) • F,[# n ] . Therefore F q [H n ] := £ n > (fa - 1)"^)" is nothing 



but the unital k[q, q x ] -algebra (subalgebra of F g [i7 n ]) with generators Ei := l — , 

c hi 

H := — , and Fi := % — ( i = 1, . . . , n ) and relations (for all i,j = l,...,n) 

EiEj = EjEi , EiFj = FjEi , FiFj = FjFi , EiH = HEi + Ei , FjH = HFj + Fj 
with Hopf algebra structure given by (for all i, j = 1, . . . , n ) 

n 

A(Ei) = Ei®l + l®Ei, A(H) = H®l + l®H+(q-l)J2 E i® F ji A ( F i) = F i®M® F i 

3 = 1 n 

e(Ei) = 0, e(Fi) = 0, e(H) = 0, S(Ei) =-E i , S(H) =-H+(q-l) J2 E 3 F v S ( F i) =~ F i- 

3 = 1 

At q = 1 this implies that F q [Hn\ > U(\)n) as co-Poisson Hopf algebras, for a co- 

Poisson Hopf algebra isomorphism 

F x [H n ] := F q [H n ] /(q-1) F q [H n ] — ^— Ufi n *) 

exists, given by Ei mod (q — l) i— > ±e^ , Ji" mod (g — 1) i— > h , Fj mod (q — l) i — >- , for 
all i, j = 1, . . . , n ; thus F g [i7 n ] specializes to f7(f)n*) as a co-Poisson Hopf algebra, q.e.d. 

5.7 The identity F g [J7 n ] = F q [H n ] . Finally, we check the validity of the second half of 
part (7>J of Theorem 2.1 ( "The functors {U q ,U q ) i-> (*/,,, */«,) and F q ) ^ are 

inverse of each other"), i.e. that F q [H n ] = F q [H n ]. First, induction gives, for all m G N, 
A m (£ t )= l® r ®^®l®% A m (F) = l® r ®^®l® s Vz = l,...,n 

r+s=m— 1 r+s=m — 1 



m m 



r+s=m — 1 i=l j k = \ 

j<k 

so that S m (Ei) = Si(H) = S m (Fi) = for all m > 1, £ > 2 and z = 1, . . . , n ; moreover, 
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for Ei := (q — l)Ei = , H := (q — 1)H = c , Fi := (q — = bi (i = 1, . . . , n) one has 
6 1 (E i )={q-l)E i , S 1 (H)=(q-l)H, S 1 (F 1 ) = G (g-1) F g [i? n ] \(g - 1) 2 F 9 [fT n ] 

n 

5 2 (if) = (g — l) 2 ^ Ei® Fi E (q — l) 2 F q [H n ] ® 2 \{q- l) 3 F q [H n ] 82 . 



=i 



The upset is that Ei = a.i,H = c, Fi = hi G F q [H n ~\ , so the latter algebra contains the 
one generated by these elements, that is F q [H n ] . Even more, it is clear that F q [H n ] is the 
k[q, g _1 ]-span of the set 1 := | fflLl E T ' H ° ' U™=i F j' a ^ c , b j G N Vz, j | , so from 
this and the previous formulae for A n one gets that F q [E 2 ] coincides with F q [E 2 ] , q.e.d. 
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